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1 Ofua 2- 15011
a)

i. Oha ta yoprovopiopata gival 15, omdte 1o dBpolcpa twy x kot y givon 15, dnAadn
ocwotl elvaLn g€lowon 1. y=15-x< y+x=15.

ii. Ta x yaprovoplopata twy 20 € éxouv agia 20x €. Avtictolxa ta ¥ Yaprovopiopata
Twy 30€ &youv adia 30y €. H ouvohkn afia eival 480 €, ondte owotr eival n efiowon
4. 20x+50y=480.

B) EmAvoupe to cuotnua

y=15-x y=15-x y=15-x

< < <

20x+50y =480 20x+50(15—x):480 —30x=480-750

=15- =6
Y x@ ¥

x=9 x=9.
opdwva pe tnv ekdwvnon x=9 elvol ta xaprovopiopoata twy 20€ kK y=6 T

xaprovopioporo twy SOE.

2 Oépa 2- 15849

a) Zto tpartédL untdpyxouv 5 mondud erumAdov and toug yovelg, tote n elowon mou NPoKUTTTEL

gvaw y=x+5 (1)

Eniong, 1o nocd mou mAfpwoay oL yovel, elval 12x Kol 1o mocd nou mAfpwoay ta roubd

glvan 6y,
Apa, nintovupevn eflowon eivar 12x + 6y = 300 (2)

= 5
To cvonpa twy 8vo eflowoewy slvarto I, dnAadn { 12}{ n gy+= 300°

B) Auvoupe to cuotnua I twy 8o eflcwoewy (1) Ko (2) Tou MPWTOU £pWTAKATOC.
Me avtikatdatacon tng (1) otnv (2) mpokuntel

12X+ 6(x+5)=300 =2 12x+6x+30=300=18x=270=x=15 koL T ¥y

TPOKUTTEL av oTNY (1) avTIKATAOTAGOUNE TO X, Snhadny = 15+ 5 = 20.

Apa, owyoveig Atav 15 ko ta mondud 20.

3 Ofpa 2- 14321
a. To M éxet cuvteTaypuéveg tn AHON TOV GLGTHLLOTOG

2X+y=06 y=6-2x y=6-2x x=2
< < <
X—2y=-2 Xx—-2(6-2x)=-2 5x-12=-2 y=2
Apa M(2,2) .

B. Etvaw 3-2+2=8 , omdten (&3) diépyetar amd 0 M.

Exbo0eig MmtapAag



4 Ofpa 2- 15195

S5x—y=-1 5 -1 . - -
a) Elval . Exoupe D= =3+3=8=0, aképa D = =—1+2=1 kot
3x+y=2 3
5 -1 D1 D13
D = =10+3=13, emopévwg x=—r=— Kol y=—2=—, SnAadn Alon eival
=l 2‘ Mévwe x ="t =0 y=—r=" Snhadn Abon n

(xhv)z(%,§}

B) Na v subsia (s,): Sx—y=—1 éxovpe

. . . . ; 113 ; . ;
Ou 8Uo euBeleg €xouv Eva KOwo anpeio to M(g? TOU OMOIOU Ol GUVTETAYHEVEG €lval

povadiki AVan Tou GUOTILATOE TOU O €PWTI LOTOL.



5 Ofpa 2- 15006
a) H opilovca Tou cusTApotog slvac:

I At N (A — — _
p=|. T |=2(-10-5-1=-20+20=0
Apa, To cuotnuo elvae A aduvato n éxel dnewpo nAfbog Avcewy.

To cuotnua woduvapa ypadetoL:

{2x—4y=—2 {x=2y—1 o
5x—10y=3 5x—10y =3

{ x=2y-—1 {x:2y—1
52y—-1)—10y=3 -5=3 °

Apa, elvon adluvato.

2x—4y =-2

givon aduvato, onoOTeE CURMEPOIVOUPE OTL
5x — 10y = 3 ‘ HTEpatvaup

B) Ano to gpwtnuo o), To cucTnuo {

oL euBeleg £, KOl &, BEV £XOUV KOWVEVO KOWO ONUEiLD. Apd, £VOL TOPAAANAELG.
6 Ofpa 2- 15016

a) To fevyog (0,4) gmoAnBevel pévo v eficwon 3x+2y=8 ko OxL v eficwon
2x—y =3, ondte bev anoteiel AVon ToU CUOTHHOTOC,.

B) And ) Bevtepn ebicwon tou cuctipatog £xoupe 2x—y =3 —y=-2x+3< y=2x-3
KoL pe avTikatdotaon oty eficwon 3x+2y =8 éyoupe:

3x+2(2x—3) =8<3x+tdx-6=8cTx=ldeox=2.

Mo x=2 otnv eflowon 2x— v =3 éxovpe v=1.

Juvernw n AVoT TOU CUCTHHOTOE EIvoL TO EUYOC (2,1).

y) Ot ouvieTaypéveg tou onpeiou Topng twy eubBewv (g),(g,) elvon n Avon tou cuotipartog

3x+2y=8 ShBr| 10 606 (2 1)
, adn to Levyog (2,1).
2x—y=3 nAoon Yog

7 Ofpa 4- 15117
a) Av n pla et Japnov kootilel x gupw, n pla déta tupl ¥ eupw ko n pla déta yaronolAa
Z EUPW, TIPOKUIITEL TO MAPOKATW CUTTNUA TPLWY £EL0WTEWY LE TPELS QYVWTTOUC:
2x+4y+0z+0,3=3,8 2x+4y+0z=3,5
x+2y+3z40,3=3,35 S x+2v+3z=325
3x+0y+3z4+0,3=4,05 3x+0y+3z=3,75

B) ©@a Adooupe 1o mapamave cUSTHLA YLa va BPOULE TG TLHEG TWY X, ¥ KAl z . EXOUpE:

2x+4y =35 , 2x+4y =3,5 ﬁgiﬂg?;r?)mvun) 6z=3 z=0,5
x+2y+3:=3,25<4¢2x+4y+62z=0,5 = 2x+4y =35 ©32x+4y =35 <
3x  4+3z=3,75 3x +3z=375 3x +3z=3,75 3x+3.0,5=3,75
z=0,5 z=0,5 z=0,5 z=0,5 z=0,5
2x+4y=35 ©{2x+4y=35<42x+4y=3,5=42.0,75+4y=3.5<= 1,5+4y=35 <
3x+1,5=3,75 3x=2,25 x=0,75 x=0,75 x=0,75

Exbo0eig MmtapAag



z=0,5

y=0,5

x=0,75
Tehkd, n pio deta {apnov keotilel x = 0,75 supw, n pla béta Tupl kootiel y =0,5 supw KaLn
pia ¢peta yahonovha kootilel z =0,35 gupuw.
vy} To tétapto odvtouwg kootilet 2-0,75+2-0,5+1-0,5+0,3=3,3 gupw. Zuvohikd Ba

MANPWoouY Aowmev: 3,8+3,55+4,05+3,3=14,7 cupw.

8 Oféua 4- 14289
a. Eotw x n nAwkia twv SI6UPWV KopLToLWV Kal y N nAwia tou ayoptlov. Exoupe 2x +y =14
Kot xy =24 .

. , 2x+y=14 y=14-2x 1)
B. Exoupe to cuoTnUQ = .

xy=24 x(14-2x)=24 (2)

H Q) 14x-2x"=242x> —14x+24=0 &x* - 7x+12=0 (3)
H e§lowon (3) éxet A=1>0 kaipilegtg x, =3, X, =4 . Na x=3 €oupe y=8 Kkalyla
x=4 eglvat y=6 . Emedy 2x<y éxoupe x=3 kat y=8 . Apa ta Sibupa kopitola eival
3 €TWV KOLTO ayopLeival 8 £Twv.

9 Oépa 4- 15118

6
y==
X

= | o

, Xy = 6 y=
a}Exoupe:y 2
X .

=B +[§J =13 ¥ -13x"+36=0 ().
. .
Oétoupe x° =@ >0, onodte n eflowon (1) yivetar: @’ —13w +36=0 mou éxel pileg w=4 Kal
@=9.Apa x =4 x=22 kol x* =9 = x =13,

Omndte 10 oUOTNPA EXEL TEGCEPLS AVOELS, TIG (2,3),(—2.—3),(3,2) Kol (—3_. —2).

B} Napatnpolpe otL:

2:3]=6 kou 27 +3* =4+9=13. Opolwg [-2-(-3)[=6 ka (-2)2+(—3)2 =4+9=13,

3-2|=6
ket 3’+27=9+44=13, |(-3)-(-2)[=6 xar (-3) +(-2) =9+4=13, dpa oL Aoewg Tou
ouothparos () elvat kat Aboeig tou (X,).

y)

i. To (£,) éxeL okt Aoetg, 116 (2,3).(-2,-3).(3,2),(-3.-2) (mov eivan Aboelg Kat Tou

(Z))) kg (=2.3),(=3,2). (3,-2).(2.-3).



ii. Onwg paivetal oto SIRAaVO

OXA U, N YEWUETPLKN QVanopdotaon
0L (EI) glval To TuNUa NS ypadLkAg
avanapdotacns tou (X,) mou

amoteAs(tal amd Tov KUKAO Kol Toug

kAdbouc tne unepPorig mou Bplokovral
oto 1° kal 3° TeTapTnUopLO,

OToU ElVOL ONUELWUEVE KQL T

onpela Topng Twv Sua ypappwy,

Ol CUVTETQYHEVEC TV onolwy

glval oL AUGELS TOU CUCTHIATOS CUTOL.

10 Ofépa 2- 15114

a) H ypadwr napdotacn g / Sépxetat and 1o A(12) kau 8a propovos vor Siépyetal
KoL oo To orpelo B(2,9), dudtL n f éxeL medio oplopov kal oclvoro Tipwy o R, elvon
yvnoiwg avgouoa kalwoxUel 1<2 = (1)< f(2), adot f(1)=2 ko f(2)=09.

B) H ypadwki mnapdctaon g f Ba pnopoloe va gival n i. 10T evw OAeg SLEpyovTal amd To

onuelo (1, 2), n i. elvalypod ki napdotacn yvnolws avfoucag cuvdptnong.

11 O@épa 2- 15115

a) H ypadwr nopdotaon me f Siépxetar and o A(-L3) ko Sev 8a propovoe va
BLEpxeTan Ko artd to onuelo B(2, 5) ,0tin f éxeunedio opopol kan oUvoro Tipwv to R,
glvol opwg yvnolwg ¢Bivouca kot Ba €npeme va wyler —1<2= f (-1 > f(2). Opwg
FD =3k F(2)=35.

B) H ypadwn mopdotaon g f Ba pmopolce va gival n ii. S1étL evw dAeg Siépyovtal amd

TO Onueilo (—1,3), n ii. glva ypadkn mapdotaon yvnolwe $pBivoucag cuvaptnong.

12 Oféua 2 - 15645
a) To avtikelpevo angxel and 1 £dadog lm otav to onpeio g ypoadikig mapaatacng EXeL

tetaypévn 1, dnhadn T ypovikég otypéc 1min Kol Smin .
B) Z0pdpwva pe to axfpua n HEYLOTN amopdkpuvon eivol 2m. Xe quth tnv 8€0n TO KWwNnTo
Bploketaltn xpovikr atiypr =3 min.

v) 20pdwva e TO oY TO AVTIKE(LEVO OMOMOKPUVETOL oo To £60¢doc To Xpovikd SLAaTH Lo

[0.3].

Exbo0eig MmtapAag



13 ©@fpo 2 - 15437

a) Npénetkoapkel2x —3 =20 x =

oW

Apa, To MeS{0 opLoKOU TG CUVAPTNONE £ivaL TO SLdoTnpa E , +00).
B) Ard tnv ypadkn napdotacn npokUTeL Ot
H gAdyiotn T ng cuvaptnong elvacion pe 1 kawmapovoldletal dtavx = 2.
y) Ao Ty ypod K napdotacn mpokUmteL 0t n cuvdptnen f:
I.  silvalyvnoiwe ¢pBivovoa oto SldoTnpa E, 2],

Il.  eivowyvnoiwg avfovoa ato dudotnua [2, +00).

14 Ofpa 2- 16129

a) Napatnpolpe 6TL GAa Ta anuela e ypadIKng TapaoTtaons £X0Uv TETUNPEVES X Ao —3
£wc 3. Apatonedic oplopol g f eivatto Swtotnua A = [—3, 3].

B} Napatnpolpe 6tLn ypadlkh TApGoTacn XeL GEOVA CUMETPILOG TOV V'Y, TIOU ONUaiveL OTL
ta onpeio (x, f(x)) kar(—x, f(—x)) eVaLOUPPETPLKE W TIPOG ToV GEova V'y. AN TO oXjpa
exoupe ot f(—x) = f(x) yia kae x € A, dpa nouvaptnoneivalaptia.

y) Mapatnpouue otun Ty 3 = £(0) eival n pgywotn T g f kaln 8€on peyioTou eivaln
x = 0. Akoua, n eAdyotn wun e f elvato aplpog 0 = £(3) = F(—3) kaL undpyouv 0o

B¢oeLc ehaylotou, olx = 3 kaLx =- 3.

15 O@épa 2- 15112

a) H oguvdpmon f elvon mepurtn, yiati n ypaduwn tng mapdotaon glval GUPPETPLKY wg TPOg
™mv apxn Twy afdvwy (0,0).

B} H ocuvaptnon f v xe (—2,—1] KOL X € [1,2) slvon yvnolwg avgouoa.

y) I x=—1 n f naipvel tn péytotn up mg F(-1)=2 kou yuax x=1 n f maipvel my

gAdylotn Ty tng F () =-2.



16 ©@fpo 2- 15024
a) Napatnpolpe 6t n ypadkr napdotacn TNE cuvaptnong / £xel dEova GUPPETPIOS ToV

/', ou onpoaivel oL ival dpTo.
B) H ouvéptnon [ sivan yvnoiwe avfovoa oto [—2,0] kow oto [2,4] ke yvnoiwe $Bivouoa
oo [4,-2] ke oto [0,2].

y) H / mapouoidlet eAdyoto to 3 kot oL Béoeig ehoylotou givan to -2 kou to 2.

17 Ofpa 2 - 15019
a) Elvaw fF(=1)# (1) ométe n f bev eivon dpria.

B) Emiong /(=D #—/(1) ondte n f bev eivon mepuren.
y) Eivaw /(1) < /(—1), mou onuaiver 6u n cuvapnon f Sev eival yvnoiwg avfouoa, adou

av Atay, Ba énpene /(—1) < /(1), mou bev LoxuEL

18 Ofua 2- 14971
a) H ouvdpmon 8e Ba pnopovoe va eivat otadepry, agpou f[ 1) =1#£3=f13].

H cuvdpmon &¢ Ba popolce va elvat ywnolwe @blvousa, apol 1<3evw fl1]=1<3=f(3].
B) Epdoov n ouvaptnon O£AoULE va sival mePITTA Kal va SIEpXeTal arod 1a A,B Ba Si€pyetal
kat and ta onuela A'l-1,-1),B'-3,-3I.

Enlong, Ba slval CUPPETPLKY WS TPOG TNV apXT) TwV afoviv.

Mia Tétola ouvaptnon eival 1 flx|=x, Mg onoiag n ypapIKn napdotaor @aivetal oto

EMOUEVO OYN QL.

fla) = a 5

Exbo0eig MmtapAag



19 Oféua 2- 15372
a) N'vwplloupe OTL N guvapTnon elval Gpuia yia kaBe xeR enopévwg, £xeL dfova CUMMETPLOG

tov y'y. To KoppdtL ¢ cuvdptnong mov AEImeL elval TO CUHUETPIKO W TTIPOC Tov dfova
VY. Z0MGwVA HE TO TMOPATAVW TPOKUTITEL N TOPOKATW ypadlkh mapdotacn Tng

ocuvaptnong f

10

-12 -10 -8 -6

=12

B)
i. H ouvaptnan f opiletal yia kO xeR.
Amo tn ypadiLkh mapdoTacn RpokORTEL OTL

ey xe{—oo, 0] n ouvaptnon eival yvnoiwc pdivouoa v

e yia xe[0,+90) n ouvaptnon gival yvnoiwe atfouoa.

ii. Ao ) ypodikn napdotacn tng cuvaptnong T BAEmoupe ot Exel eAdylotn T o -8 yix
x=0.

20 Oépa 2- 15017

a) Adou n cuvaptnon /' pe nedio oplopou to Sudotnua (@,3) elvon dptia, Ba mpénet yua
k&Be x € (,3) kou —x € (. 3). Autd LoxveL av Ko povo av @ =—3.

B) H ypadwn napdotaon e / Siépxeton and to onpeto (2.2), ondte f(2)=2.

Adou n ocuvdaptnon / eivol apta, Do mpénel yua kabe x € (—3,3) va wyvel f(—x)= f(x).
suvenwg f(-2)= f(2)=2.

y) Adol n ouvapon f elvon dpua n ypoadukn e mapactoon Ba £xel dEova cuppetplag

tov &ova 33 . H ypadkn tg mapdotacn oto (—3,3) ¢oaiveton oTo mopakdtw oo,



21 Oépa 2- 15018

a) Apou n ouvdptnon f pe nedio oplopou to Slactua (a.6) eival mepurer, Ba npénet yua
KAdBe x € (e, 6) kat —x € (,6) . Autd oxVEeL av KoL povo av @ = —6.

B) H ypadwn napdotacn e f Siépxetan outd to onueio (4,2), ondte f(4)=2.

Adol n ouvaptmon [ elvan nepuny, Ba mpénel ywa kdBs xe(—6,6) va oyUsL
f(=x)==1(x). Suvenixg f(~4)=—7(4)=-2.

y) AdoU n cuvéptnon [ eivon meputi, n ypoadwh g mapdotaocn Bo €xel KEVIpO
cuppetplag to onpeio (X0,0). H ypoadwn tng mapdotoaon oto (—6,6) dalvetar oTo

TP OKGTW oYL

Ex&00eig MrmapAag
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22 Ofpa 2- 14976

al H C, 8ev armmotelel ypa@Ik] mapdotaon ouvaptnong aptag 1 mePLITMS, agol opiletal
LOvo yla SetikoUg aptopoug.

H C, 8a wiopoloe va amoTeAel ypaplk mapdotadn pac apuac cuvaptmnons agou
Qaiveral va €Xel YPAPLKT) TapdoTacT) CURMETPLKY W ITpog Tov dfova v ' y.

H C, 8ev pmopei va gival @ptia 1y TIEPLTTH GUVAPTON, cgpol Sev WTOPEL va Elval GUIETPLKA
0UTE w¢ Tipog Tov Gova vy, oUTE we ripog v apxn Twv afdvwy 0[0,0).

H C, 8a propoloe va arioTeEAEl YpopIK] TApdoTaon Wiag FEPLTTAC ouvépone, agpol
PAVETAL VO EXEL YPQUPLKT) TIAPAOTACT) CUMMETPLKY] W TIPOS TNV apXn Twv afovwy O[0,0].
Ermopevweg, epooov Slvetal OTL umdpxouv M dptia Kal Mia mepltn  ouvaptnon,

oupnepaivoups 6t n C, givan n dptia kaw C, givat 1 mepLeoh.

B) Avn C, eivan dpria, 1ot f| - 2)]=f(2]=2, dpa k =2.
Avn C, eivan meprroy, tote fl—2|=—f(2]=-2, dpak=-2.

23 Ofépa 2- 15116
a) H guvapmon / slval dpua, ondte n ypadikn g nopdotacn Oa sival GUPMETPIKA WG

npog tov 'y afovo. ZTO MapoKaTw oxNuo lval Yapayuéva Kol Ta UTTOAOUTS TUALATO UE

Slakekoppévn ypappr.




11

B)
i. Ta SweotApata ota onola n cuvdptnon f eivan yvholwg ¢pBivouoa givon ta [74,71]
Kot [0"1], YTl oTa SLacTAMOTO QUTA 000 PEYOAWVOUY OL TIMEC TOU X, HKpaivouv oL
QVTLOTOLXES TIHEG TOU .
ii. H péywotn v g 7 elvan ion pe 6 kol napoucidetal Otav 10 X IApPEsL TG TIHEC —4
kat 4, énAadn

max f(x)=f(-4)=7(4) =6

KoL n ghdylotn Twn tng f eival lon pe 0 kol TopouolaeTon OTOV TO X TAPEL TIG TLHEG
—1 ko 1, dnkadn

min f(x) = f(-1)= £(1)=0.
24 Oépa 2 - 15349

a) Na k@Be x € R égoupe —x € R kat and 1o oxfipa noapatnpoUpe nwg n Cr €xel afova

CUMMETPLOG TOV ¥y, Apa, n ouvdptnon f elval Gpria.

B) Ano tn ypadiki rapdotacn Cf n cuv@pinon f elval yvnoiwg ¢pBivouca ya x €
(=0, —V2| kat x € [0,v2] eviw n ouvéptnon f eivar yvnoiwg avfovoa yia x € [—+2, 0] kot
x € [V2,+0).

v) N e Adoeig e eflowong f{(x) = 0 apkel va BPOOKE TG TETUNUEVEC TWY GNUELWY OV 1)

Cr TEMVEL TOV Géova x'x, dnAodn Ta anpeio mou €xouv TeTaypEVN lon PE pndev. Auta eival

I'(—2,0),0(0,0), A(2,0). Apa oL Aboewe tng elowonc elval —2, 0, 2.

A

-7 -6 -5 -4 -3

-2

Exbo0eig MmtapAag
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25 Ofpa 4- 15022

a) Apot 2 <—1 kau f yvnolwg $Bivovoa oto Sidotnpa [—3,0] glvan f(-2)> f(-1).
Eniong f dpuaondte f(-2)= f(2). Zuvenwg f(-1)< f(2).

B) H cuvdptnon [ eival yvnoiwe abfouca oto Sidotnpa [0,3] ,orate f(3)= f(x)= f(0)
yua kaBe x €[0,3].

H ouvapmon [/ eivau yvnoiwg $pBivovoa oto didotnpa [-3,0], oréte f(=3) = f(x)2 f(0)
yia kéBe x €[0,3].

Eniong f dpua ondte f(-3)= f(3).

suvenwg f(3) 2 f(x) = f(0) yaa kdBe x€|-3,3].

y) Adou f(x)2 f(0) yux kdBe xe[-3,3], cupnepaivoupe 6t n f mMapoucLaleL EAGYLOTO
oto 0, mou elval ko n povadkr BEon ehayiotou, adol Adyw povotoviag f(x)> f(0) ya
K&Be x€[-3,0)u(0,3].

Adou f(x) < f(3) ywaakdBe xe[-3,3], cupnepaivoups 6Tin f mapoucldlel HEYIOTO oTo 3,
drnwg ko oto -3 agou f(—3)=F(3), mou slval kon ou povadikég Béosg peylotou, adou
Aoyw povotoviag f(x) < f(3) yuakdBe x€(-3,3).

8) Antd touc 4 TUTOUE POVO O a. Ko 0 B. €xouv nedlo opLopoU To [*3. 3] .

Entiong yia tov tomo a. wyvel f(0)> f(3) ondte dev propel va aviotolyel otn cuvdptnon
TOU TIPOPARHATOC. TUVENWC 0 OWOTAS TUMOC eivaL o B. f(x) = -9 —x" |

$T0 mapokdtw oxripa daivetal n ypadbikn napdotaon e f(x) = —9—-x* .

051
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26 Ofpa 2 - 15811

a)
i. H ypodk mapdotacn Ing g Vol CULMETPKA WG TIpogTov 'y dgova, apan ¢ eival

apto.
i. H g napouoidlel eddyoto otn Béon x, =0, T0 g(0)=-2, 6101 Onwg daivetal and

m ypadkn e mapdotaan, g(x)= -2 kaun woétnta wyvstyw x =0,
x? = g(x)+2 TIPOKUTTEL PE KATAKOPUPN KAl TIPOG Ta

B) H ypadikd mapdstach g f(x)

MAVW HETATOTION TNE YpadLKAC Mapdotaons tng 2(x) =x  —2 Kotd 2 HOvadeC.

\
\ f(z)=2f 1
1 1
\ [
\ 1
\ ]
1
\
1 V!
\ 12 l"
1 1
‘l 2',
] 1
i
\ 2 ; g($)2$272
\ l’
\
\ ! I
\ I/
\ "'
3 2 Y 4 0 T, 2 3 4
\ I'
\
\ -1 2 /
\ /
\ /
N /
~ ¢ ’
22

27 Oépa 2- 14983
o) Zwoth anavinoneivaln (1), pe paontnv napaypado 2.2.

B) And To oy SlamoTwvoupE OTL N PKpOTEPN Suvartr TLun tng cuvdptnong f(x) eival o

aplOuOg 1 Kol ETUTUYXAVETALOTaVX = 3.
y) Moapatnpolpe OtL n f(x) elval yvnolwg dbivousa oto duaotnua (— oo, 3] kal yvnoliwg

avfouca oto Saotnua [3, +o0).

e |

B 19 20

[BEs aais SR Bail RESl wiac-maas 1 Flasst 33T ) 5 6 Faanet 8 W M 12 13 1M 15 16 17

v

Exbo0eig MmtapAag
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28 Ofpa 2- 14230

a. Exoupe f(x)=x’—4x+5=x"—4x+4+1= L
=(x-2)+1, xeR .

B. H C, mpokUmTeL artd Tn ypadLkA mapdotaon TG ouvaptnong y =X’

adol tn petatonicoupe opllovtia Katd 2 povadeg mpog to Se€Ld Ko
Katakopuda katd 1 povada mpog ta mavw.

Y
SN W A O T O

-2-10

29 Oéua 2- 14972

a) O ypadlkeg MOpaoTATEL TWY F Kdl f TPOKUIToLY omid SU0 SIBOXIKES PETCTOTIOELS TG
¥ P PIKI G A PAOTHON G TN
e uag oplfovTiag KeTd 2 povadeg mpog T ebid (i tnv g Y ko

e puag katakopudne Ketd 1 povado pog ta rwdvw (e v f ).

ol ipokKUrmouy oLy padiKEC T pa ot OELS

i H ouvdptnon f eivan ywnoiwg ¢pBivevoa oto (—ee, 2] ko yvnoiwg avfouvos oo

[2, +ee).
il Houvdaptnon f mapouoiddel atn Béon xy = 2, ohké ehdpoto to f(2) = 1.

30 O@épa 2- 14325
a. * fi (-o0,2] ,fl[2, +o)
* H f mopovoidletoto 2 erdyoto to f(2)=1.

B. H ypagwn tapdotaon g f mpoxvmtel amd avty g g He petatomion 2 povadeg oeEid
kot 1 mpog ta wéve. Apa f(x)=g(x—-2)+1=|x-2|+1.
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31 Ofpa 4- 14293
o. o kdbe xeR , eivau

e f(X)=—x+2x+1=—x>+2x-1+2 ﬁ/ Y=ty 2
=—(x*=2x+1)+2=—(x-1)"+2 s y=xK
e f(x)=—(x-1)>+2=0(x-1)+2 ERN X

Apa n ypagikn mapdctacn g f  Ba mpokvmrel amd TNV
avtiotoym tng cvvaptnong ¢ ue opllovtia petatonion Kotd 1
povado 0e&1d Kol KoTaKOPUPN HETOTOMION KOTO 2 HOVAOEG
ENAV®.

y=-x?

B.i. H f elvar yvnoiong adéovoa oto (—oo, 1] kot yvnoing ebivovca 6to [1, + o) .

ii. H f mapovoidaleryio x =1 oAwod péyioro, 1o f(1)=2 .

iii. To m\n0og tov pllov g egicwong f(x)=x , k<2 sgivar 2, kobdg M YpAPIKN
mapdotoom g ovvaptong f €xel mavta dvo onueia Toung pe v oplovtia gvbeion y=x , av
K<2.

32 Oépa 4- 14973

a) H ouvdptnon ¢ éxewnedlo opwopol to B, emopévwg vy kdBe x €ER w —x €R
Erurhéov via kdBe x € R woylen ¢(—x) = 3(—x)? = 3x% = ¢ (x).

Enopévis slvil dptie ouvaptnon.

H ypoupkn Tng mep oo £vaL n T ek tw eapee oin.

B Etver:

f(x)=3x2—6x+8=3(x2—2x+§)=3(x2—2x+1+§)=3[(x—1)2+§]

Eropévwe Flx) =3(x —1)2+ 5, x € R
H vpedwn mapdotaon g £ npokinrel and duo SdoxkEs pLetatomioe e ypadwkng
mapdowong e @, e opdovieg katd 1 povada npog ta Sshud ko g katardpudng

KOTA 5 povad £¢ pod o Tidvw. ETol, sivo

Exbo0eig MmtapAag
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Cy
8

8

¥} H kopudn tng mapapfornic eivar to enpeio A(1,5}. (g ek Todtou,
i.  Houvdépmnon f elval ywnolwe dblvouoa oto (—ee, 1] kat ywnolwe adéovoa oto [1,+2<).
O afovag cuppeTpiag TG ypadIkAg mapdowong tng f eival n Katakopudn ubeia
Tov S1EpyeTaL amd TNV Kopud A Tne dnhadin x = 1.
ii.  Houvdptnon f mapovaidlel atn 8¢on xy = 1, ohikd eAdyiototo f{1} = 5.
ii.  Eiveae:
¥ Av A > 5 netiowon éxel 2 pilec
> Av A=05 nefiowon éxel 1pila
» Av 1< 5 nefiowon sival addvarn

Cy
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33 Ofpa 4- 14241
o. Eotw x Kkat y oL dlaotdoelg oe m tou opBoywviou kATou. Exoupe [1=40 < 2x+2y=40<
&Sx+y=200y=20-x,0<x<20.

e Ma x=5,elvat y=20-5=15 kaiéyoupe 75m>.

oMo x=8,elval y=20-8=12 kaiéxouue 96m’

e Mo x=10, elvat y=20-10=10 katéxoupe 100m*.
MapatnpoUl e OTL oL TPELG AaxavoknToL £xouv SLadopeTko eUBadov.
B. Eivarn E=x-y kot y=20—-x , 0<x<20 (a.epwinua).

Apa E(x)=x-(20-x)=—-x*+20x , 0<x<20 .

yv. Exoupe E(x)=-x>+20x < —(x-10)* +100 = —x* +20x

y
& —x2+20x ~100+100 = — x> + 20X < ...<>0=0 , OV LOYVEL. 199y (x-10)x*+ 100
Eivar E(x)=f(x—~10)+100 , 0<x<20 . 28 |[0<x<0
Apa n ypadLkr mapAaotaon Thg ouvapTNong 40
E(x)=-(x-10)>+100  mpokUMTeL amd TN METOTOMION TNG YPOPIKAG 20
napdoTacnc TG cuvdptnong f(x)=—x> apxikd katd 10 povddeg mpog Ta ,200 15 2040 60 80 x
0PLOTEPA Kol 0T ouveéxela 100 povadeg mpog ta mavw. Y=’

To péyloto epPadov tou kATou mpokUmTeLyla x =10m kat y=20-10=10m .

34 ©épa 2- 15079
o) To cuvnuitovo pag ywviog oxeSI0oUEVNE OTOV TPLYWVOHETPLKO KUKAD £lVOL N TETUNKHEVN

TOU CNUEloU TOPAS NS TEAWKAS TAEUPEC TNE KE TOoV KUKAO. Erteldn n tetunpévn tou onuelou

A elvon 0,6 = %, Exoupe o-uva)=%.

B)

i. Ebocov n OI' eivow mpoéktacn g OA  £youpe AOT =7 rad. Emopévwg

~
~

BOI'=¢p=7+®.

- , . . 3
ii. To cuvnuitovo tng ywviag @ eival n tetunpévn tou onueiov I, nAadn ocvveg = —g.

35 @fpa 2- 15191
o) AUO ywvieg oxeSIOUEVESG OTOV TPLYWVOUETPIKO KUKAO elval avtiBeteg otav €youv T
ONUEL TOUNG TNE TEAIKNG TOUC MAEUPACG HE TOV TPLYWVOLETAKG KUKAO CULLETPIKA wE TTPOE

tov dfoval xXx. Apa n ywvia —@ eivon dnwe doilvetal pe SLOKEKOMUEVN YPOUUA OTO

MAPOKATW CXALA.

Ex&00eig MrmapAag



18

B) To nuitovo ywviag oxeSlaopévng oToV TPYWVOLETPLKS KUKAO gival n TETAypévn TOU
onueiou topng NG TEAKAG TAEUPAG NG ywviag pE TO KUKAO, Omdte E£XOUupEe, Adyw

ouppetpiag u(—w)=-0,4.

36 Ofpa 2- 15193

a) O ywvieg mou €xouv cuvnpuitovo —0,8 éxouv teAk MAEupd cTo SeUTEPO 1| GTO TPITO
TETAPTNUOPLO, N OTOLL TEVEL TOV TPLYWVOHETPLKO KUKAO OE anpela pe tetunpévn —0,8. Apa
oL {NTOUHEVES ywVIEG @ KaL 8 elvat onwe dalvovtol oTo MapPaKATw CXAHO, KE TV TEALKN

TOUC MAEUPA VO EIVAL PLE SLAKEKOLLEVN YPOLULD.

B) Avo ywvieg oxedlaopEveg OTOV TPLYWVOHETPLKA KUKAO £xouv avtiBeta cuvnuitova, av td
onpela TORAS TNG TEALKNG TOUE MAEUPAG PE TOV TPLYWVOHETPKO KUKAO ELVOL CUHHETPKA WK
npog tov dfova yy f we mpog v apx O twv afdvwv. Onodte oL SUo ywvieg sival

MOPUMANPWLOTIKES, 6nAad @ =7 — @ 1 dladépouv Katd x, ondte F=m+w .

37 Oépa 2- 17933

a) ZTOV TOPUKATW TPLYWVOUETPLIKG KOKAD éXoupls AOZ =8 , N TEAKA TTAgLpd TNE 37 + 0, elvaln

OT Kal n Tedikr mhevpd e 4z — ¢ elvarn OA.

-08 -06 04 -0. 04 06 08
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B)

i. Onwe ¢aivetal OTo MOPATavWw OXNUA, N TETAYUEVN ToU onpeiou 7 Tng teAkng MASUPAG

g ywviag & eivan 0.4, dpa nud =0,4.
il. ATLO TLS CUMMETPLES TIOU OXNUATI{OVTIOL OTOV TPYWYOUETPLKO KUKAO, EXOUME:

nu (37 +0)=-0.4 xau nu (47 -0)=-0,4.

38 Ofpa 2- 17936

a) ZTOV MOPUKETW TRPYWVOIETPLKO KUKAO EXCULLE AOZ = A, n tedkn mAevpd tne 37+ &, elval n

O>" ko n TeALKR TAEUPA TG %Hﬁ) elvarn OB.

0.8
0.6

0:4

-0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8

-0.4

B)

i. Onwg ¢alvetal oto mapandvw oXAKY, N TETUNUEVN Tou onpelou Z tng telkng mheupdc

™mg ywviag & elval 0,4, apa cuvéd =04,

ii. ATTO TIC CUMMETPIEG oL OYNUATI{OVTIOL OTOV TPLYWVOLETPLKD KUKAO, £XOUUE!

ovv(37+0)=—0,4 ke Tf‘lt(%Jr()]: 0,4.

39 Ofpa 2- 15046

a) O aplOude A nepiléyeton oto Sudotnpa (0, ) ko emeldn wyvel ouvA <0, £xoupe §<A <.

Apa to Tplywvo £xeLTh ywvia A apfisia, ondte sival appiuywwvio.

Ex&00eig MrmapAag
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3
B) Ard tnv Baowkn tavtotnta A+ ouv'A=1 pe ouvA:—E, Taipvoupe: np2A+£:1,

onoTte

9 16
2

A=1-—==
L 25 25

EnutAov, adou §<A<n, £youpe nNuA >0, onodte r]uA:E.

40 Ofpa 2- 15185
o) To cuvnuitovo tng ywviag @ elvol 660 KAl N TETUNUEVR Tou onpeiov B tou

- , 3
TPWYWVOLETPKOU KUKAOU. Apa, ouva = -

B) loyveL ot

2
2 2 =1 2 _E =1
N w + ovvew S NEcw + 3 =

Zw=1 91:» z —16<:>
M@= Ty TG =5y
16 4
=+ |—=+—
K T

Ano to oynua cbaivstouc'm% < w < momote nuw > 0. Apa, Nuw = %.

41 Ofépo 2- 15814
a)

i. 2TO OUYKEKPIMEVO OXHUA, N ywvia @ slval enikevipn kal Paivel o T0£0 PAKOUC

12¢cm . Aebopévou OtL 10 lrad (1 aktivio} eivan n ywvia n omoia, otav yivet

enikevipn, Paivel o T0&o pikoug 10 cm , n ywvia @ sival ion pe % =12rad .
ii. loyvetow 1,2rad < %md (yiati 1,2-2=2,4 < ), onote n ywvia @ slval ofeia.

B)Exoupe:

nlo+ouvio=1<

9 2
o+ —| =1
w0+ 3]

‘p=1-—
nu p
L
" 625
nﬂa):i 544 =i4_'34
25 25

ENEY

Kaw emeldn n ywvia @ elvol ofela, rum = s
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42 Ofpa 2- 15192
a) To cuvnpitovo pLag ywviag oxeSLaoEVNG OTOV TPLYWVOHETPLKO KUKAO Eivol N TETUNREVN

TOU ONUELOU TORRS TNE TEAKIG TAEUp & TN Le Tov KUKAG. Omdte elvol cover = 0.6 = —% .

B)

2
i. Elvau npm=id1—auv2w=il/l—(—§J =i'Jl—%=i§, 10 nua)=§ QMOpPIFTETOL

: 3z . 4
S we ?:',7 = nuw <0, ondte uw =_§'

Evardaktikd, oxedualoupe to opBoywvio tplywvo OAB[A=%], onwe dalvetal oto

TIOLPOKATL OYH L.

-14 1.2 1 -08 —(£| 04 -02 o 02 0.4 0.6 0.8 1 12 1.4 16

Ao to mubayopelo Bewpnpo £XoUE:

Opwg To NUiToVOo oG ywviag oXESLIOHEVNE OTOV TPLYWVOHETPIKO KUKAO E£ivaL N TETOYHEVN

TOU ONpEioU TOUNAG TNG TEALKAG MAEUPAG TNG LE TOV KUKAO. Ontote elvan 7um = —g (1).

Ex&00eig MrmapAag
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i, YOAOYLOPOG TNG s

Elvau spm = e , OTIOTE GO TO O) EpWTN A KoL T oxéon (1) £xoupe
ovve
4
5 4
e = —g = 3
5

43 Ofpa 2 - 15429

a) loxtel 6w 476° = 360°% + 116°. Apa, nud76% = nu(360° + 116%) = nu116°.
B) And ) oxéon nu?116° + ovv?116° = 1 Bpiokoupe ovv?116° = 1 — nu?116°. Apa,

o?ll6 ~ 1 — (i)z = i
10 100
Elvon 90° < 116” < 180°. Apa, ovv116° < 0. Onore,
ovv?1169 ~ — £= —E.
100 10

44 ©¢poa 2 - 15092

o) Ao To oYAUA napathpot e otL ouvd = 0,8 = g.

EvaAhaKTkd, amd T BaoLkh TpLyWVOUETPIKA Tautotnta N2 8 + ovv 26 = 1 naipvoupls

2
G) +ouv?8 =1, dpa cvovif=1 — %= % kot kKotBwe n ywvla 8 Bploketal oto 1°

TetapTnUuéplo Ba elvalovvd = |— =

. _ wﬂ_ﬁ_g
ANd e = pw ik VR

B) l'vwpoupe ot elval B(ouvd, nud) kall (1, epd). Etol éxoupe B (S ,Z), r (1,3).

4.

F 3
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45 Ofpa 2 - 15652
a) Exoups wodlvapa

mlp+ovrip=1<
3Y ,
3 +ourip=1<

o-uvzgo:l—i@

25

oo’ —16<:>
¢ 25
4
ovvp==t—.
? 5

, , , . , 4
Enedn nywvia @ givaw ofeia, EYoupe TEAKE oLV = g
B) Onwg dalvetal and to oyue, n ywvie @ elval napamnpwpatky g ywviag ¢, ondte

3 4
o =77,ugo=§ KaL gpve = —guvep = -3

46 O¢poa 2 - 15266

a) H teAwkni mAeupd tng ywviog B gival n OP kal To onpeio P €xeL TeTpnpévn x :E. Apa
3

ouvB=—.
5

9
B) Amd TNV yvwoth TautoétnTa ouv B +nuB =1, éxoupe E+ NW'8=1 an’ émou MPOoKURTEL

9 16
puunuB=1-=—=—.
Ls 25 25

AMAG o<e<%, OToTE nub >0, dpa an:%.

y) Emedn n 0% elvon cuppetpkn g OP we npocg tov dfova x'x, to onpeilo X £xeL ba

TETUNUEYVN HE Tto P Ko avtiBetn tetaypévn.

Apa, ocuv(—8) =ouvl :é Kot Nu{—8) = —nue :,%

47 Ofpa 2 - 15091

a) KaBwg n ouvdptnon eivartng popdng glx) = p-nulwx) pe p = V2, w = 1, Bo £xoupe:
i.  Hmnepiodogng ouvaptnongsivon T = %T = 2m.
i.  Hpéyotn Ty tne eivat |pl = v2 kaun gAdoyotn T e — lpl = — V2.

B) f(20251) =~2 -ovv(2-1012 -+ ) = V2 -ovvn = — V2.

Exbo0eig MmtapAag
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48 Ofpa 2 - 15644

x=0

a) Eivar f(x)=ovvx= f(O)zcrqu: f(O)z L. Apa n ) elvan n ypadpwn napdotacn g

cuvaptnong 1. Axképa g(x):rmx;ug((l):mm: 2(0)=0. Apa n C, sivar n ypadur
TapAcTacH TN¢ oUVAPMONG g.

B) OvAVoeLc TG e€lowaonc elvol oL TETUNHEVEC TWV ONHEWV TOUAC TWV YpadLKWY TOPAaTACEWY
Twv U0 CLVAPTI|GEWV.

Onwc daivetol oTo MOPOKATW OXAMA TA ONEd TOURC TwV ypadIKwY MApAaTACEWY gival ta

A xou B, pe tetunpéveg x =g KoL X, =Tﬁ.
25
1.5
&)

as Ca

-mid 0 w4 arr/4

49 Ofpa 2 - 15009
a) H auvaptnon sival tng popdrc f(x) = pouvx, p < 0 ue p=-3 , ondte n eAdylotn T TNC
elval lon pe -3 kal n péylotn T g elval lon ue 3.
B} H ouvaptnon sival g popdng f(xX) = pouvx e neploGo T =2 e w =1 dapa n
i8]
neplodog g ouvaptnong f elval 2m.

v) To oxnua A) sival n ypadikn napaotacn g f{x) = —3ouvvx, x € R, yiati slvawn povn nou

EXeL HeyLoTn TR 3 ylia X = T kal ghdylot) —3 yiax = 0 kalx = 2m.
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50 Ofpa 2- 15172
o) i. Ztnv napdotaon N 11T — X) K&VOULLE TNV avoywyn oTo 10 TETapTnUOpLo,
nu{llm —x) =nu{10m + T —x) = u{5- 21+ ™ — x) = Mu{T — X) = NuX, 0 (NTOUEVO.

ii. Zrov tino g ouvaptnong aviwkabotolpe to MUWllm —x) He TUx, dpa
f(x) = 4npx.
B) Napatnpoupe mwe n f(x) = 4nux éxectnv popdn prpwwx pe p=4 kol w=1. Apa r auvdptnon

EYEL LEYLOTN TUA 4 Kl EAGYLOTH TLULA -4 He Tepiodo 21T EYOVIOS TO Oparmaiviy XOpaKTNpLOTIKE

KL TOV TIOPOKATW Tiivaka Tiwy oto dudatnuea [0,2m],

X 0 n bl 3n 2n
2 2
Anpx 0 4 0 -4 0

ato opBoywvio guaTnpa aédviov MPOKUMTEL N MApaKATW ypadkn napdotacn

™

~
L]

1

B

51 Oéuo 2- 15788

a) To nedio oplopoU cuvdpinong oxeblaopévng o cUotnua afdvwy gival n mpoPorn ng

ypad kg mapdotaong otov dfova x’x . Onote elvan D, =[7,37].

3
H péylotn T g ouvdptnong g sival 2 otnv Béon x = 77[
B)
i. H ypadwn mapdotacn g g npokuntel anod o Saboxikés petartonicewg ng . H

ypadkn mapdotaon ¢/ HETATOMIOTNKE PO T «SeELA» KATA 7 KAL TIPOC TO «IMAVW»

Kot 1.
ii. Exoupe g(x)=f(x—x)+1, 6nhady g(x)=nu(x—x)+1 pe nedio oplopoy to

Sudotnpa [JT, 37r] .

Exbo0eig MmtapAag
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52 Ofpa 2 - 15809
2
o) H nepiodoc tn ouvaptnong sivat T=7ﬁ=7r, n méyotn e e max f(x)=1 koL n

gAdylotn min f(x)=-1.
B)

i. O mivoka TWWY TNG / CUNTTANPWHEVOS Elvar:

x 0 L Ed 3 7
4 2 4
2x 0 7 T 3_?1' 27
2 2
Sx)y=nulx 0 1 0 -1 0

i. Me Bdon tov mivaka tuwv oto Bi) epwinua, n ypadwkny mapdcotacn tng f otO

Saotnuo [O,n*], SnAadn oe Saotnpa puag eplddou, elval n MAPOKATL:

05

0 w4 i am/4 ™

53 O@fépa 2- 15810

, . , 2z . .
a) H nmeplodag tn ouvdptnong sival T=7=]1', n Méylotn Tl meg max g(x) =1 kaL n

ghaylotn min g(x)=—1.

B)

i. O TivaKa TILWY TNG £ CUMTANPWUEVOG elval:

X 0 z z 3 4
4 2 4
2x 0 7 T 3_?r 2
2 2
g(x)=ovvix 1 0 -1 0 1
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i. Mg Bdan tov mivaka Tywv oto Bi) epwinpa, n ypodlky AEPACTACGH TNG g OTO

Suaotnpo [0,72'], &nAadn o SudoTnpa pLag neplddou, elval n TMOPOKATW:

0.5

54 Ofépa 2- 14323

, , 2
a. e H f éxeLmepiodo Tz—nzn .

e H f éxeLpéyotn uun tnv [-3]=3 katehaxwot pnnv —|-3|=-3.

B. EXoupe TOV MAPAKATW TIVAKAL.
P A TR
X 4 | 2 |4 | "
b 3n
2x 0 5 T 7 2n
oUv2X 1 o | -1] o 1
f(x)=—30uv2x | -3 | 0 3 0 -3
s

H ypadikn mapdotoaon tng f ¢aivetral oto SumAavo oxnua.

55 Oféua 2- 14233

o. e H péylotn Tun g ouvaptnong f eivat % KalL n eEAAXLOTN TN —% .
e Hmeplodogtng f eivat T:%n:n .

B. H ypadikn napdoctaon the f oto [0, 7] daivetal oTto mapakdtw oo,
i/ y= % GLV2X ‘
2 0<x<m /

y. Emedn n f €xel péylotn tipn to % , OTIOKAELETAL VO TTAPEL TNV TIUN 1.

Ex&00eig MrmapAag
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56 Ofpa 2- 14977

a) To nuitovo plag ywviag pue pia meupd v nueudeia Oy Kat SeUTEPN MAEUPA TTOU TEUVEL

OTO ONUEio A Tou KUKAOU, Bploketal amd Ty nmpofoin Tov onueiov A otov dfova y'y.

1
Apda, ol Ywvieg mou gxouv nuitovo 3 6a &ouv onueia TouNg LE TOV KUKAO TETOLd, WOTE N

, . . | 1
TpoOAY| Toug va TEUvVEL Tov afova y'y oTo 7

Onote @époupe MV evBeia y:E (BA. oxnua mapakdtw) Kal EokKUiTtovy 500 YWVIEG OTo
Sidompa [0,2n) mou éyouv dutd TO Tuitovo. Eival ol ywvieg a=30°=%md Kat

B:180°—30”:150°:5?nmd.
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To ouwnitovo plag ywvlag pe pla mieupd v nueuBelca Oy Kal SUTepn MAEUPA TTOU TEJVEL

oto anpeio A Tou KUKAoU, Bploketal and myv npofoln tou anuelov A otov aova x'x.

Apa ol ywvleg mou £xouv guvnuitove 3 Ba £xouv anuela TOUNE e TOV KUKAO TETOLA, WOTE

. , , . 1
1 npofolr| ToUg va TEUVEL Tov afova ¥ 'Y aTo 5

Onéte @époupe TNV suBsia x== (BA. oYM MOapaKATW) Kal MPoKUTouy dlo ywvleg oto

Sldompa [0,2m) mou £youv autd To cuvnpitovo. Elval ol ywvieg a=60°=%md Keil

B=360-60=300° :%”rad.

Ex&00eig MrmapAag
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M=

) 'OAec ol ywvieg mou gxouv npitovo (oo pe — oto daomua [0,271) elvatl ot «,f Tou

£pwTpatog {a).

Na x e R kdde dAln ywvia pe nuitovo oo pe 5 Oa MpoKUNTEL QIO AUTEG, ITPoaHeTOVTag

H apalpwyvtag aképalo MANGoC KUKAWY K * 27T, K aKEpaLog.

Apa oheg oL AVoeLg TG eklowong Ba sival:

npxz%@qpxqu%@x:2x-n+% n XZZK'T[+H—%:2K'H+5—H ue ke 7.

57 Oépa 2- 14324
o. Etvar  mux +np(m —X) = nux + nux = 2npx .

1
Ondrte 2mtx=1c>nux=5.
, 1 , T : T
B. Emedn nux=—,ondéte x=— , apod 0<x<—.
2 6 2
58 ©@¢pa 2- 15969

a) Elvac ovv(13m + %) = owv(6 - 2+ + x) = ovv(m + x) = —ovvx.
. i _

B) Elvounu (E - x) = oUVX.

Apa f(x) = —20vvx — 20vvx = —4dovvx.

y) Advoupe v eliowon f(x) = -2 & —4dovvx = —2 & gvvx = %@ auvx = vag =
X = anig,rce Z.
59 ©¢fpa 2- 15036

o)

i. H ouvdpon eivatng popdng f(x) = povvox, p > 0 pe p=3 koL o = 2, OATE 1 PéyLon
T e f elvad ion pe 3 ko n ghdgotn tpn e f eivod lon pe -3.

ii. H meplodoc tngf elvon T = % =T

B) f(x) = =3 av ko povo av 3ouv2x=-3 guv2x = -1l 2x = 2kn+ M x = ko +

1A

K € Z.

60 Oépa 2- 14280
o. H péytom i g f elvon 2+1=3 xaim ehdyom iy —2+1=-1.

B. Eivar f(x)=3<2nux+1=3 < 2nux =2 <:>nux=1<:>x=g, apov x €[0, 2x] .
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61 Ofpa 4- 15050
o) H ouvdaptnon eival tng popdng f{x) =pouvx, p >0 He p=2, onote n eldylotn T TNE sival

lon JE —2 KoL 1 MEYLOTN TYR TNE elval o pEe 2.

B) OLTeETUNpEVEG TWY Kowiv onpeiwy g C, pe thy euBela y=1 mpokURTOLY areé T Avon
1
¢ eficwone fix} =1 mou slval woobvvapun P Ty UUUX=E . M ipodavic Abon e elveaLn
x=§ KciL eEmELSn oL avtiBeteg ywvieg xouv Wble ouvnpitovo, pig o AVon slvaL n x=—g.
, . . . , i b
Apa, duo kowd onpela tng €, pe v eudeila y=1elvol ta (—g, 1], {5, 1] .
, T 21 . . . . . .
¥) OuaplBpel 35 FEPLEYOVTHL OTO APWTO TETEPTNUGPLO STIOU I SLVEPTNON SUVNKITeVD,
. . . ., 2m m T ., 2m T . .
eival yvnolwe $eivovoa. Erurtheov e = I >0, onote - :>§ KCiL AOYL TNE HovoToviag
. . n 21 . " 2n .
TOU CUVNLTOVOU TIHLPVOULE Guv 5 > guv ? , OTGTE 20UV E > 20Uy ? , Bnhobn
fl s 22,
3 5

5) Me tn Pondewe Tov TMEpPOKETW MVaKY TPOKUTTEL N ypodkn mapdotaon e T omwg

halveETHL OTO XM,

14 3in
X 0 2 n |2 |2
20U vX 2 0 -2 0 2
2
11
1]
) ™ m 2 2m

62 Ofpa 4- 15025

a) Mo ywvia & = AOM yvwplloupe ot %< A<z ko nud = % ATtO T TPLWYWVOUETPLIKA

tavtdtta b +oovd =1 éxoupe dtu

2
[i] +ovvie =1<:>E+GUV2!9 =1 cuvd =1—E<:>GUV29 = i
5 25 25 25

T 3
Ouweg By <0< 7 onote cLVE <0 ko eMopEvwe oLVE = 3

Exbo0eig MmtapAag
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nub
oV

Enlong @ =

&l

4
5 4 , 1
=——=—— Ko téhog opf = =
3773 ¢ o 7
5
B) Tevikd, ywo ta onpelc M kaw K mou n tedk] mhsupd pag ywviog & tépvel tov
TPLYWVOUETPIKG KUKADO Kol Tnv euBeia x=1 avdotoya, wylvel ot M(ouvve, nud) ko
. 34 4
K(1,&00) . Zuvenwe M(—g,g) Kol K(l,—g).
v)
i. Elvo ?],wa'=§>0 kow cLvg <0, ondte n TeEAkA TAeupd TN ywvice ¢ slval oto 20
TETAPTNUOPLO.

3 4
ii. Elvow 3 < 3 Snhabn nul > nug . Opwe n cuvdptnon nux eivon yvnoiweg ¢pBivovoa
oto [%,7[]’ OMATE yLo val £ivon 76 > g Banpénel G < g,

3
Evahhaktikd, Bplokoups o onueio N tou kUKAOU pe TeTaypévn Up = 3 KOL TETUNHEVN

ovvg <0 Kol SLorotwvoupe to onpeio N lvol mo aplotepd Ko KAtw ard to onpeio M

snAadh AOM < AON ondte 8< .

~

63 Ofpa 4- 14240
x+y=-1 {X+y=—1
S

2

a. Eival )
x“+y =1

(X+y)2 —-2xy =1

x+y=-1 x+y=-1 x+y=-1
= = = )
(=1 =2xy=1 xy=0 x=01 y=0

x=0 o x=-1
= n
y=-1 y=0

any
L
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B. Exovpe ovvo+nuow=—1. Eoto X=ocvvo kat y=ocvve . Eivar cowv’o+nu’o=1,

2

. xty=-1 , , , ,
omoTE S Am6 10 gpoTUe 0. Egovpe (cvvo =0 kol Muo=-1) 7
X +y =

(cvvo=—-1 ko Muw =0)

3
Ankodn m:?n no=rn.

64 Ofpa 4- 15289
a)

, OMOTE n AUcn TOU
x=-

—x+2y=1® {y:()
=

i. a A=-1 to ocloua yivetau (E):{ . )
x—ly=-—

CUCTHUATOS elvon (xo, yo) = (—1, 0).

ii. Ad to o) epwtnpa éxouvpe X, =cvvl=-1, y, =nufd =0 kau e[0,27), ondte

d=r.

, . —x+2y=10 773 .
B) N A =1 to cvonua yivetau (Z): Py , OMOTE N AUON TOU CUCTHUATOC

x+1ly=1

Wl W

12
givaw (x,, 3, )= [E’EJ

. ; ; . 1 2 .
Aev umdpyel ywvia @, TETOLY WOTE gL V® = 3 KO fi@ = 3 [oileyul

oovia+nulo= 1 2+ 2 2—l+i_§¢1
3 3 9

y)

i. Av yvwpifoupe 6T To oUOTNUA (Z) £xeL povadkn Avon vy (xz,yz) HE X, = oDV KoL
¥, =nuep, TOTE B Ikavonotel kal v npwtn §lowon, —x+2y =1. AnAadn:
—ovvp+2nup=1 (1).

Alvovtac v e€lowon (1) £youps wwobUvapo:
—ovve+t2nup=1<

74p>0
suvp=0

2nup=1+ocvvp <
Al p=14+200vp+ovv e o
4(1—0'uvqu)= 1+2ovvp+ovvip o

Sovvigp+2ovvp—3=0.

Exbo0eig MmtapAag
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H teAzutala sivan e€lowon noAvwvuptkr 2°° Babuot pe A =64 >0 kau pileg

, ; T
ovvp=—1, MOU OMOPPUTTETAL YLOTL @ € [O,Ej

3
Kol ovvp = 3

Apa omd v (1) £xoupe:
3
_§+ 2nup=1<=
8
2npp = 3 =

_4
P =

ii. H Abon (xl,yz):(auvqp,nw):[%,%] TOU CUOTHHOTOS (Z) Oo wavomotel kat v

Sevtepn etlowon tou, dnAadn

3

—+ﬂ'i: RS
5 5
31
—=—Als
5 5
A=3.

65 Ofua 4- 15347

; T T
a) Elvac ovv(m — x) = —ovvx Ko i (E + x) =Nu (E - (—x)) = agvv(—x) = ovvx.

Apw: f(x) = 20vv?(m — x) — 3nu (g + x) + a = 2ovv?ix — 3ovvx + a.
B) To medlo oplopot tng cuvdptnong f eival To cUvoAo Twy Mpaypatikwy oplBpwy R.
Apa yio KaBe x € Rkal —x € R.
Exoupe: f(—x) = 200v*(—x) — 3ovv(—x) + a = 200vix — 3ovvx + a = f(x).
Apa n cuvaptnon [ elvol &ptio.
y) H ypadwn napdotacn g ouvaptnong f Siépyetal amd to onpelo M(g, 1) av ko povov
avf(g)z 1@20vv2§—30vv§+a=1@2&—3-§+a= 1< a=2.
8) Me a = 2 éyoupe f(x) = 2ovvix — 3ouvx + 2.
Mo vo BpoUpe TLE TETUNPEVES TWV KOWWY CNUE WY Twv 500 ypad KWy MopacTados wv AUVOULE
v eflowon :
f(x) = g(x) & 20vvix — 3ovvx + 2 = 2nu’x + 9ovvx —9 =0 &

200vix — 3ovvx + 2 = 2(1 — ovv?x) + 9ovvx — 9 © dovvix — 120vvx + 9 = 0 &
(2ovvx —3)? = 0 © ovvx = %, adovon.
Adou n mapandvw eficwaon elvol aduvatn, Sev undpyxouv onueia TopAg Twy 8Uo ypadikwy

MOPOOTACEWVY.
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66 Ofpa 4- 15014

a) N v cuvdptnen f(x) = -nufx pe o Petkd aképao péyotn TpA elvan to o, Gpa
a=2.

Evarlhaktikd €xoupe Ot n péylotn Tn tou nufx eivol 1, dpo av a-pufix =2, npénel
a=2

B) H cuvaptrnon and 1o o) epwtnuoe elval f(x)z 2-nufix |, Gpu

T pr Jit:4
— =2 put—=2 & —=1.
f[16] 17'”16 771#16
Auvoupe v eicwon
P B Fid B T . Jif:s Fis
—=lenpu—-=nu— < "—=2xkr+—, HE kKkeZ Ao —=2x7r+7——
77#16 77#16 77#2 16 2 H n f 16 2

TOUTIZETAL PE TNV TIPONYOUHEVN).
. . P 1 . . . .
ATAOTIOWWLVTOSL TO T £XOUpE E=2K’+5, n Hwkpotepn Betikh T tou S mou {ntdpe Ba

glval Otav 0 &, wg oKEPOLOG, yivel icog pe 0 (yo apvntikég TWHEG TOU & TO fF yivetal

I

1 1
apvnTwko). Ondte =2k +— =1 =— = [ =8.
pvnTuo) 6 XT3 T 27

¥) H eficwan f(x) =1 and ta npanyoUpeva EpWTAPATA £IVOL

T KT T
1 8x=2K'7T+g x=7+g
2-nu8x=1 c>77y8x=—®77,¢z8x=77y£<‘:> e ,He ke Z
2 6 T KT S«
8x=2xm+m—— X=—=+—
6 4 48
AdouU npéneL x e [0,%} AUVOULE TIg TOPOKATW SUO avVIoWOELS:
N PPN . S PR AN P, S S SR NP P SIS I
4 48 2 4 48 2 4 48 2 48 4 2 48
Sl BB A B LB
48 4 48 48 48 12 12

Abol wesZ, civau x=0 R x=1 6niady OGektéc sivol oL ywvieg x=4—7;md A

Exbo0eig MmtapAag
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5 «x 19 4-5 4-19 5 19
< < .

e e <

<—=< <K= & <K .
48 4 48 48 48 12 12

Adol xe/, eival k=0 i x=1 O6nAadn dektéc elval oL ywvieg x:i—zrad 1]

x Sz 1irx

=t —=——rad.
4 48 48

X
. . . . l . T ,
EvarAaktikd, Omwe otnv nponyoupevn Adan, Exoupe ru8x :5. Ermebn 0<x 25, Ba gival

0<8x <47 . OLaplOpol Twv onolwv To nuitovo eival igo pe > oto SLdoTnua auto eival ot

s bid T T o, , . . , .
s z—g, 2I+€,37E—€, OTWE TPOKUTITEL QTG TV TAPUKATW ypadIK Mapdotach g

SUVAPTNONG NU® .

1
o8

06

04

02

==l |

-08

Apa:
8x=Z e x="L
48
x=mr-—& =5—ﬂ-
48
8x=2m+—& x=13—”
48
177
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67 Ofpa 4- 15049

a) Eneén nu[gx}—ouvx Kot N +x) =-—nux , xoupe: f(x)=ouvvx—nux, xclk.

B) Mo kdBe x € R, xoupe:

—1<ouvx<1, (1) kot —1<nux<1l << -1<-nux<1, (2)
Me npdoBeon twv (1) ko (2) mpokGTeL ot —2 < guvk —NUX <2, dniadn —2<f(x)<2, mou
gival o Intovpevo.
Av untoBécoupe OTL 0 apBpog 2 sival n péylotn tyn tng f, Tote ywo kdrow x, € R woxvel
ouvx, =1kal Nux, =—1, omdte Nu'x, +ouv'x, =1+1=2, mou eivau dromo. Apa 0 apldpog 2
Sev gilva n péylotn T e f.
y) i. Mg x=0£xoupe: f{0)=ocuv0-—nu0=1-0=1, ondte n C, tépveL tov dfova y'y oto

onpeio (0,1).

ii. Me y=0 8nAadni f{x) =0 £youpse: cuvx—nux =0 < cuvx=nux. Muw ipodavrc Adon
, , , M . i n i L
¢ eflowang eival o aplBpoe 7 KoL ETIELSN ouv(n+z]=—ouvz=—an=np(n+Z),

po AN Alon g lvon o aplBpdg o+ % = %

Apa Suo kowd onpeia g C. pe tov x'x glvo ta (%, 0) KoL [%, O].

68 Ofua 4- 15026

a) H neplobog tng ouvaptnong / elvar T=—=4.

SIETEY

B) Mo kdBe x e IR eivon
_1377/,{%)8 OTOTE —ZSZUu[%jSZ onote —2+1$1+2W[%jg2+1 KOIL TEALKEL
—-1< f(x)<3.
{ T 3z
Entong f(1)=1+2nu 3 =3 kaL f(3)=1+2nu = =-1.

Tuvenwe N péywotn T g f elvacto 3 ko n gAdyotn to -1.

Exbo0eig MmtapAag
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y) O teTunpéve Twy onpelwy ota onoia n ypadikn mapdotacn g / TéuveL tov Gfova xx’

glvat oL Avoelg g eflowong f(x)=0. Elvod

f(x)=0= 1+277#(%J=0 = T?ﬂ(%)=—l = U#[Ej= U#[—EJQ

2 2 6
EZZTCR’"‘[—E] E:QK;T_E E:zx_l x=4K'_l
2 6 2 6 2 6 3
ul — 7 = 74 = 7 ., K€Z
E=2K;'r+7r— _z EzZm’r+7—ﬂr £=2K+— x=4x+-=
2 6 2 6 2

1
OROTE Ol {NTOUpEVES TETUNHEVES elval OAoL oL mpaypartikol aplBpol tng popdng x=4x’—§ n

7
x=4K+§,énou KeZ.

8) Na kdbe xe R elvan

Fl-x) =1+2W(@] =1+2W(”_2’”] =1+2w[§—%j - 1+20'UV[%), onore

(f(x)—1)2+(f(1—x)—1)2=(1+2m1(%j—1} +(1+20‘UV(%]—1J -
dnu’ [%)+4GUV2 [%) = 4(17/12[%J+GUV{%]) =4.1=4
snhash (/(x)-1) +(F1-x)-1) =4, yia kdBe xe R.

69 Ofpa 4- 15992
o) To p keQopifel TN pEYLOTN TR TNG ouvdptnong f, ou eival lon pe g KoL TNy eEAdyotn
T Tng, tow elvaL ion pe —p. Apap = 2

. , . _ 27
To e Ko Bopilel Ty mepiodo Tng oUVEPTNONE g, TTOU Eival (on) pe —.

iﬂ\pazl=:rr<:>co =2.
Lk

B)
i. Natnouvdaptnon f(x) = 2nex, pex € [0,7], eivac:

x 0

STIESTRS

flx)=2npx | O
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Nea ™n owvdéptnon glx) = np(2x), pe x € [0, 7], sivac:

T3
X 0 2|2 T T
?_r 37
2x 0 5|7 ? 29
gx)=nu2xy|ol1]0o|-1[0

O ypaKES Mupaotdoels Twy SUo cuvapTioswy, elval

ii. Hinrotpevn avwotnta ypadetal ooduvapo

) 57r> 10;'r{i)2 57r> (2 57{)@ (5n)> (57{)
Mg > Mg 5> M 9 f9 9\
, bid 5
ElvaL — < — < 1.
2 9

Eropévwg, amno tig ypadlkég napaotdoelg Twv SUo cuvapTtAoswy MPOKUNTEL OTL
f(ﬂ) > OKOLLg(S—n) < (.
9 9
. . 5 5
Qg ek tovTou elval f (?) >g (?)

70 Oépa 4- 15062

o)Ano to oynua eivol povepod OtL N ypadLkn TNE MOpACTHCH MPOKUTITEL OO EMAvGANYIN Tou
TUAPOTOS TNG ou avuctoyel oto Sudotnua [0, i), ondte n nepiobog e f elvon T=m.
ErutAdov oL Tetaypéveg Twy onpeiwv g ypadpwic g mapdotacng MeEpPLEXOVIOL OTO

Sudotnpa [-3, 3], omote n gAdyiotn T Tng ival ion pe —3 ko n péylotn elvon ion pe 3.

2
B) H cuvaptnon elvan ¢ popdnig f{x)=pnulax)pe a, p>0, ondte éxel neplodo -2
o
. . ; , . , 2m .
ghdylotn T —p koL péyiotn ion pe p. Etoy, £xoupe — =, ondte a =2 Kot p=3.
o

Exbo0eig MmtapAag
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v) Elvat g(x)=x* -2 +5=(x" —1)* +42>4 ko n wodtnra g(x) =4 woxveL 6tav x* =186nAady
otav x=—11 x=1. Apa o apBudg 4 elvou n gidppotn T e f.
6) Ens1dn vy kdiBe x € R woyvel fix) <3 kou g{x) =4, n etlowon f(x)=g(x) elvar advvatn. Apa

alypadwkéc napaotdaslg twy f, g Sev £xouv kowd anpueio.

71 Oéuo 4- 15003
a)

. B - T B r
i. loyoel oL owv (;— ax) = puax Ko ovv(m — ax) = —ovvax. Apa, 0 TUTOG TG
guvdaptnong yivetau
f(x) = nuax(quax + 2) — ovvax(—ovvax) — 1 =
nutax + 2nuax + ovviax — 1 =
1+ 2Znuax — 1 = Znuex.
ii.  Hnuax éxeunepiodo T = —. And tn ypaduki napaotaon nPpokYTeL 6TL N auvapTnon

f éxeunepiodo T = m. Apa,

2m
— =& a=2.
o

B) OuteTunuéveg Twv Kowwy onueiwy g ypadikng mapdotaong g f pe v eubelay = 1

glval oL AUosLg g eClowang

1
Znu2x =1 & nulx =E<:>

T
nu2x=mtg-
Onote,
s yis
2x=g+2mr x=ﬁ+mr
1 < 1 , K€L
2x=n—%+2xn x:i_;+;{n

Emelbn x € [0, ] éxoupe otu

T
OSxSJI(:)OSE+mrSn<:)

1 1 1 11 xez
k<l —o —— <k < ——k =
12 12 12 12
KoL
S
0<x<n<:>0§ﬁ+mr§n<:>
< <1 5 5 <7}cEZk 0
—_— —_— - —_ —
2=fs 1T ks
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72 Oépa 4- 15288
2
a) H neplodoc tng cuvdptnong slval T = Tﬁ , N HEYLOT T TG elval max f(x)=2+1=3,

KoL 1 eAGLoTn TR TG elvol min f(x)=-2+1=-1.

B)

i. And v ypadw MApdoToch NG NTOVOEWBoUs SUVAPTNGNS 2, TIPATPOUNE OTL
TOPOUCLALEL PEYLOTO yLd xz—E KOIL TO EMOPEVO MEYLOTO yld x=7. Apa n neplodog

, , 37 T . . . ;
¢ ouvdptnong ival T=7— Y =2m, onote f=1. H KapmuAn mpokUmtel and

KOTaKOpudn HETATOMLON TNG ypadIKAG MAPACTACHS TNG anux Katd 1 povado npog to

ndviw, dpa ¥ =1. Emiong

a‘ny?’?ﬂ—i-l:fic:u

a(-1)=2=
a=-2
TeAkd g(x)=—"2nux+1.
ii. H eflowon ylvetou
fx)=g(x)=
2mB3x+1="2nux+1<
NH3X = —1jux <=

nu3x = u(—x) <
3x=2rxm—X
1M ,kKeZ.
3x = 2K+ (@ +x)

KT
X =—
2
Aniadn: {1 ,keZ. Enedy xe[0,7), yia x=0 orov mpwrto tino AUcEwv
X=kKkT+—

npokuTtel x =0 Ko gtov SeUTEpPO TUMO AUCEWY TIPOKUTITEL X = 7 {rou mpokUTTEL KOl amd

Tov MPWTO TUMo AUoewv yla k =1). Ao T GAAEG TIHEG TOU k€ Z TpoKOTITouV AUOELS OL

onoleg dev avijkouv oto Suactua [0, 7).

Exbo0eig MmtapAag
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H ypadwkn Adon tng elowong daivetal 0To mopakdtw oxnua.

3 Cy

TeAwkd A e€lowon £xeL Svo Aosic ato |0, 7), g x =0 kou x=§.

73 Ofpa 4- 15287
a) H ouvdptnon f(x)zpn,u(a)x) He p >0, €EeL péyotn upn p. Me Bdon 1o oyipa n

ouvaptnon £xeL peylotn T 3, dpa p =3. Eniong n neplodog tng ouvdptnong elval 7, onote
2

T=—c w=2.Apx f(x)=317,u(2x).
@

B) H guBela y=ax SiEpyetan ano to onpelo E tng ypadwkng mapdotacng tng f mou gxeL

teTaypévn 3, n onoia eival i péylatn T g ouvaptnong. H ouvaptnon f(x)=377,u(2x)

TaPOUCLAZEL PHEYILOTH TIUR o8 SldoThpa puag neplddou ato % ThE nepodou, Snhadh otn Beon

x= % Apa slvan E(%,S) KaL 3= a-%@ o =£. Onote n e€iowon g euBelag elvor :
7

12
y=—x.
T
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, 12 , , 12 . ,
v) H e€iowon 3rmu(2x)——x=0 ypadeta oodUvapa 377u(2x)=—x. O Aboelg g e€icwong
i b
£lvaL OL TETUNPEVES TWY ONUELWY TOUNG ThS Ypadkhg napdotaong tng f(x) = 317,u(2x) LE ThY
, 12 , , , L . , ,
guBela v =—x. Me Bdon to oyfipa Ta onpela Topng elvat 3, oL TETUNUEVEG TwY OTOLWY Elval
i
. . , 12 , . ,
o x=0, deSopevou ot f(0)=3nu0=0 kat n guBela y=="x SiEpyxeTaL and 1o onpeio
/s
(0,0).

. x=%, dedopgvou o f(%)=3ﬂy[2-£]=3m{§]=3-1=3 Kat n euBela y=2x

4 T
SLEpyetaL and to onpeio EL L I 3 [k
P ! 4’7 4 4’
+ x=-Z sedoutvov 6u f(—§)=3nﬂ[—2-§]=3w(—§]=3-(—1)=-3 kat n evBeia
—12x Slepyetal ano to onpeio LD N L | Y
y ” 2 . 1 1 .
. , 12 . . e T
Apa n g§lowon 3nu(2x)——x=0 éxelAoeg g x=0, x=z Kat x=—z.
4

74 Ofpa 4 - 15422
a) Etvat: f(x) = aovv G - Zx) = 2nu(m + 2x) = anu2x + 2nu2x = (a + 2)nu2x.

B)

i.  Hpéyiotn T tng cuvdptnong f kabopiletal and 1o cuvteAeot a + 2.
MpéneLdnhadia+2 =4 < a=2.
ii. Hrneplodog T = Z-on

2m
2

v} H ypadikni mapdctacn tng f{x) = 4nu2x oto Sidotnua [0,7], PAcEL ToU MOPAKATW

mivako:
X 0 E n 3 T
4 2 4
dnulx 0 4 0 -4 0

SlvETOL OTO MOPOKATW OXN MO

Exbo0eig MmtapAag
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-m -m/2 ] TA2 m/2

8) Mo vo BpoUue TIC TETUNMUEVES TWY KOWWV oNUEiwv Twv 600 ypadLlkwy RopaoTaagewy
AOvou e tny e€icwaon:

f(x) = g(x) © 4qu2x =5 — ovvi2x © dnu2x =5 - (1 — qu?2x) =

Nu22x —dnu2x + 4 = 0 < (qu2x — 2)* = 0 & nu2x = 2 adivatn.

Adol n mopandvw eticwon gival adovatn, dev undpyouv onueia TOPAC Twv dVo ypadLkwy
MOPACTATEWV.
75 Oépa 4- 14239
o.i. Hpéyotnuntng f elval 5 katn ehayxotn -1 .
ii. Hf éxeineplobo T=4n .
B. Exoupe f(0)=2 s mul+x=2<=Kxk=2.
Enedn n f €xeL péylotntpnto 5 eival p+2=5<p=3.

Eilvail T=47IC>&=41I<:>(D=1 .
(0] 2

1

. 7 X 7 X 1 X b
Exoupe f(Xo)=5©3nu7°+2=5 @nu7°=5 @nu7°=nug©

’ , 5
DN T A ﬁ=2K7t+n—£<:>xo=4‘<7T+E n Xo=4‘<7t+_n' KeZ .
2 6 3 3
Elvat:

. 57’[<X0<6TI:<:>57T,<4K7E+§<67T, c>5<41<+%<6<:>%<1<<%, advvatn oto Z .

. 5n<x0<61r<:>57t<41<7t+5?n<67r c>5<41<+§<6<:>%<1<<£<:>1<=1 .

Apa x0=4n+5?n=5n+2?n=177n .



76 Ofpa 4- 14238
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a. To {ntolpevo €hdyloto Kal HEYLOTO UYPog, eival n €AAXLotn Kol n HEYLOTN TLUA TNC

ouvaptnong h avtiotowya. H eAdyiotn tiun tng h sivat 8-6=2 Kkaln QHéylotn 8+6=14 .

Eivat o h()=2<8+6mu| S ]=2e nuf ool o ™ Cogrrn+ F e t=60k+45 , xeZ .
30 30 30 2

‘Exoupe 0<t<180 , OmMOTE 0<60Kk+45<180 @—45360“135@—%“3163—05

<k=0 4 k=1 | x=2.
Ma x=0, elval t=45 katywa =1, elval t=105 . o k=2, €lval t=60-2+45=165 .

it Tt nt T
e h(tH)=l48+6mu| — |=14< — =l —=2kn+—=t=60k+15, keZ .
® n”(3oj nu[mj 30 2

Elval 0<t<180 < 0<60k+15<180 @—15S60KS165®—£SKS%
<k=0 Q4 k=1 k=2 .

Onote t=15 4 t=75 4 t=135 .

Omnote 1o ehdyloto VPog elval 2 m kol cupPaivel yla t=45sec , t=105sec KOL t=165sec .

To péyloto UPog eival 14 m kal cupPalvelyla t=15sec , t=75sec KOL t=135sec .
B. Amo to Suthavd oxnua Exoupe A
(AB) = (AT') - (BI') =maxh-minh=14-2=12 .

AnAadn 2p=12<p=6 .

Apa n aktiva Tng podag eivat 6 m.

v. Hmeplodog eivat Tz%nzéo. O 800 dileg Ekavav %:3 neplotpodEc.

30 T
6.i.

t 0 15 | 30 | 45 | 60 | 75 | 90

h(t)| 3 14 8 2 8 14 8

ii. H ypadikn mapdotaon g h yia te[0,90] daivetol 0To mapoKATw GXAUA.

17
16

b
Ugog y 14
(m) 13

t
y:8+6np(%)
0<t<90

0 5 101520 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Xpovog t (sec) -

77 ©épa 2- 15113

a) Exoupe:
Px)==2x"+4x" +2(x* - D+9=
Px)y==2x"+4x"+2x - 249 &
Px)=0x"+4x*+7 <

P(x)y=4x"+7.

JUVETIWC TO MOAVWVU PO P(x) elvan 2° BaBuou.

B} Mo va eival ta moAuwvupa P(x) kot O(x) loa, mpenst va elvan iStou BaBpou kot va £youv

TOUG aVTIOTOLYOUG CUVTEAECTES (00UG. Apa Tipenel « = 4.

Ex&00eig MrmapAag
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78 Ofupa 2 - 15012

a) Zopdwva pe ™Y TavTéTTA TG Slaipean slvo:
P(x)=(x-3)(x*+2)+4

BYExoupe P(x)=(x—3)(x*+2)+4<P(x) =x"+2x-3x"—6+4.
Tehwé P(x)=x"=3x" +2x-2.

v) O apOudc x=3 eivae pifa tov molvwvipou P(x), av n Swaipeon tou pe 1o x—3 £yeL
unddouto 0, mou Bev cupPalvel dw, a¢obP(3)=4, dpa to x=3 6ev slval pifa tou

TOAVWVULOU,

79 Ofpa 2- 15096
o) Etvau:

P(-D) =213+ (-1)2-3(-1)+1=3 % 0kt
P(=2134+412-3-1+1=1=0.

Apa to 1 katto —1 dev elvar pileg Tou moAuvwvipou.

) Elva:
2x3 +x?—3x+1 [x?+x—-1
—2x3 —2x%+ 2x [ 2x—1
—x? -x +1
x? +x -1
0

Apa to minAiko g Swaipeonc twy Svo moAvwviupwy eivalto m(x) = 2x — 1 koL to
untdAoumo ivat 0.

Enopévwe woyvet: P(x) = (x> +x—1) - (2x — 1).

80 Ofupa 2- 14981

o) Evat P(—=2) = (-2)3 = (=2) +6=-8+2+ 6= 0.

B)Adol o apBudg —2 eivan pifotou moAuwvipou P(x), dpatox — (—2) =x + 2Baelvan
napayovragtou P(x).

y) Me Bdon to B) epwinpa, n Swaipeon P(x) : (x + 2) Bo eivon téAew, adol 1o undlouto
autng tng dwaipeonc elvan to P(—2) = 0. ExtehoUpe 1o oynuo Horner yia vo BpoUpe to

TiNAKO TS mapamdvw Swalpeang.

1 0 -1 6 -2

-2 4 -6

1 -2 3 0

ApaP(x) = (x + 2)(1x?% — 2x + 3). Napatnpolpe Twpa, OTL N Slakpivouoa Tou TPV o

x%— 2x+3eivard = (—2)% — 4-1-3 =—8 < 0, dpadev avadUETaLOE YIVOUEVO.
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81 Ofpa 2- 15047
a) Emedy P1)=1*-1°-5-1"+7-1-2-1-1-5+7-2-0, o opBpdc 1 elvar pila tou
TTOAU WVUOU.
B) Ou mbaveg aKEPOLES AUGELS TOU MOAUWVUHOU £ival ol Slalp£Teg Tou oTtabepol Opou Tou
Snhadn oL Suapéteg tou 2 mou eivaLt ot apBpol 1,2, -1, —2.
O opBpog 1 sidape 6T elval plla tov moAuwvopou. EEetdloupe ov KATOWOE and ToU GAAOUC
aplBpoie elvan pida. Elvad
« P(2)=16-8-20+14-2=0
¢ P(1)=1+1-5-7-2=-12+0
e P(-2)=16+8-20-14-2=-12+0
Enopévweg oL aképaleg pieg tou moAvwvipou sival ot apBpoi 1 ko 2.
82 Ofpa 2- 15642
a) Eva molvwvupo P(x) EXEL MOpAyOVTA TO X— 2 OV KOl HOVO av P(p)=0. ‘Exoupe
P(l) = 2(1—1)20 —3(1—1)10 +5-1°-3-1-2=0, &dpato x—1 elvar napdyovrag tov P(x).
B)
i. Elvow P(0)=2(0-1)" -3(0-1)" +5-0°~3.0-2=2-3-2=-3,

ii. Apou P(O) =-3#0, 1o x bev elvar mapayovrag tov moAuvwvipou P(x).

83 Ofpa 2- 18230

o) To moAuwvupo €xeL mapayovta 1o (x —2), povo dtavP(2) =0.
MNpoaypotka,
P(2)=2-8+4-8-2-4=16+4-16-4=0
onoTe 10 (X —2) glvol mapdyovTag Tou MoAUwvUHOoU.
B) Eivau
PX)=2C +x —8x—4=2x" —8x+x —4=2x(x" —4)+(x" —4)
= —A)(2x +1) = (x —2)(x + 2){(2x +1)

v) loyoel

P(x):Oc>(2x+1)(x—2)(x+2):0<‘::>x:—%r']x=2r’]x=—2

1
Ermopévig n e€lowon £xeL plleg Toug aplBuotc Y 2 ko —2.

Exbo0eig MmtapAag
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84 Ofpa 2- 15618
0} ZTo MOAUWVUHO IIMOPOULE Vil EEGYOULLE KOLVO TTAPAYOVTA TO X KOl £XOULE:
P(x)=2x"+x*-x=x(2x*+x—1) mou eivat To {ntoluevo.

B) H e&lowon ypapetal woodtvapa P(x)=2x"+x" - x=0ex[2xX'+x - 1|=0=

x[2x-1)x+1)=0&x=0 7 x:% n x=-1.

85 Ofupa 2- 15695

a) x¥+0x2+2x-3] x+1
—x3 — x? x2 —x+3
—-x2+2x-3
x? +x
3x -3
-3x-3
-6

Me Bdon tnv napandvw Swaipeon Swamotwvoupe o1 P(x) = (x + 1)(x* — x + 3) - 6.
EvOANOKTIKG, HIOpOULLE VO OTAVTIGOUE HE XPRON Tou oxipatog Horner.

B) H e€icwon P(x) + 6 = 0 ypapetou (x + 1)(x% — x + 3) = 0. A& TO TpUsvupo

x%2 — x + 3 éxa Sakplvouca A= (—1)2 — 4-1-3 = — 11 < 0 ko enopévwe dev ExeL
pllec. Qotex + 1 = 0, éro povadwn plla elvaunx = — 1.

EvalAaktikd, propotpe va Avcoupe v efiowon P(x) + 6 = 0 aveldpnta and to o)
cpwmUo we eEnC x*+2x + 3=0e x*+3x —x+ 3=0¢&

¥(x°=1D+3x+1) =0, 8palx-Dx+Dx+3x+1)=0e

(x+ D[x(x — 1)+3] =0,ondte (x + )(x? — x+3)=0.

86 Ofpa 2- 15175
o) Eivon P(1) = 13— 124+ 1—1 = 0, dpato 1 eivarpia pifa tou moAvwvipou.
B) EumAov woyueL 6t
1 pifatou P(x) © x — 1 napdyoviag tou P(x)

Edbappoyn tou oxfuatoc Horner:

1]-1]1]-1]p=1




y) Elval Aoutov
xZ41 %0

Px)=0=2(x-1)- x2+1)=0c———x=1.

87 ©fupa 2- 15040
a)Me x =1 £xoupe:

X —7x+6=1"-7-146=7-7=0
ondte 0 aplOpog 1 sivan plla tng elicwong.

B) Onwg dpalvetal oto dumAavo oxnua Horner

49

1 0 -7 6
1o nnAlko g Suwipeong (x* —7x+6):(x—1) 1 1 6
givaw x* +x —6 Ko o utdAouto O, ondTE N 1 1 -6 0

tautotnTa e Swalpeong elvan:
x> —7x+6=(x—1){x* +x—6)

y) And 1o epwtnuo B) £xoupe:

X —7x+6=0=(x-1){(x’ +x—-6)=0<=x=1Ax=24x=-3
88 O¢fua 2- 15248
&) And Ty TeuTOTH TR THE Suilpearc EXOUE
Plxi=Rx—-D —D+1=2x" —dx—x" 4 2+4+1=2x - x* —4x+ 3.
BIMe P(x)=2x —x* —dx+3

i To ayfuce Horner yu Ty Swripearn Pl [x— 1) cherlveTo meep ek cTo,

2 1 -4 3 1
2 1 3
2 1 -3 0

Tuvemwe o FUx) Eyel plla to 1 kew ) tautdTTa The Swpeone FUx)(x =1 elven

Plx= (=102 +x-3).

i, Exoupe Aomdy: P(x) =0 (x-1)( 22 +x-3) =0 ondre
, , , , 3
x-1=0f 2 +x-3=06nadi x=1Hx=14 x:—E.

3
Tehukd x=1 (AuthA pito) A x = 5

Exbo0eig MmtapAag




50

89 Ofpa 2- 15654
a) Napatnpolpe 611 P(2)=2"-7-2+6=8-14+6=0, ondte 10 2 eival pila Tou P(x) Kal TO
x—2 eilvaL mapdyovtag tou P(x) .

B) Kavoupe tn Sraipeon P(x)+(x-2),

240z -7z +6 o —2
(+) 3 2
— 2 .
@+ dw 22 +2c—3
202 — 7T+ 6
(+)
—22% 4 4z
—3x + 6
) 5x_6

0

Apa P(x)=(x-2) (x2 +2x —3) .‘Exoupe woobUvapa:

Px)=0=
(r-2)(x*+2x-3) =0
x-2=0 x=2

n oL

¥ +2x-3=0 x=lLx=-3

Apa oL Abosg tng eflowonc elval x =1, x =2,y =-3.
90 Ofua 2- 17241
a)
. Emedy P(-1D=(-1)3*+(-1)+2=-2+2=0, 10 umdlouo g
Siaipeong tou P(x) pe 1o (x + 1) eivon 0. Apa, to(x + 1) elvol mopdyovtog
Tou P(x).

II.  Kdvoupe tn Swipeon tou P(x) pe 1o (x + 1) pe n Ponbeio Tou oxfApaTog

Horner:
1 0 1 2 -1
-1 1 =2
1 -1 2 0

Apa, P(x) = (x + 1)(x% — x + 2).
B) To Tpuwwvupo x% — x + 2 £€xel Swakpivovoa 4 = (=1)2—4-2 = -7 < 0 ondte
x% — x4+ 2 > 0y kdde x € R. Apa,
Px)<0e (x+1Dx*—x+2)<0e
x+1<0ex<—1.
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91 Ofpa 2- 15176
o) Eivae P(1) =13 —=2-124+3 -1 -2 =0, dpa to 1 eivar pio pila tou moAvwvipou.
ErunAgov oyueL 6TL
1 plZatou P{x) © x — 1 napdyovtactou P(x)
BYElvauP(x) = (x — 1) - (x? —x + 2).
To tpuwvupo x2 —x + 2 # 0 ST éxel Slakpivouca apvhukh KoL EMUPpocBeTa WoYUEL OTL

x2—x+ 2> 0ywakdBex € R.

ApaP(x) =0 (x—-1) x*—-x+2)=0ex=1.

To npdonpo twy TLpwy tou P(x) dalvetol otov mapakdtw rivoKa Tpoohipwy:

X - 1 o0
x—1 - 0 +
x2—x+2 + +
P(x) - 0 +

Qc ek tolTou, givae P(x) > 0 © x > 1.

92 Oéuo 2- 15653
a}

i. H ipeon tov P(x)=x" +x° +2x+2 pe 10 (x+l) £lval N ROpaKAaTw:

i+ 2242 w41
3 2
e — 42
2+ 2
-2z — 2

ii. H tavtétnTa ™S napandvw Siaipeong eival:
X x4 242 = (x+1)(x7 +2)+0=

¥ +xt+2x+2 =(Jc+1)(x2 +2).

24220

B) Exoupe LooSivapa: P(x)<0<:>(x+l)(x3+2)<(] o x+l<0ex<-1.

Exbo0eig MmtapAag
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93 Ofpa 2- 15674

a) H Sralpeon Plx): (x—1) daivetal oTo mopakdTtw GXhM.

32° — 2% — o+ 2| x1
— 323 + 322 302+ 2 +1
20° — 1 + 2
—227 + 2
O x#2
-X+1
3

H tavtétnta tng daipeong elvar : P(x) = (x—D(3x" + 2x+ 1)+ 3.
B) Mg Bdon tnv mapandvw tavtotnta dweipsong, n ntotpevn avicwon yivetal

Px)<3<

(x-DBx* +2x+1)+3< 3

(x-DBx*+2x+ 1)< 0
To tpuovupo 3x° +2x+1 éxel Swkplvouca apvnuikr, omdte elval vy kdBe Tip tow x
opdoNpo Tow cuvteheot Tou x° mou woltal pe 3, SnAadh BeTkd, ondte n avicwon yivetou
LooS Voo

(x-DBE+2x+ 1)< 0=
x—l<0&e

x<1

TeAkd n aviowon Plx) <3 aAnfedelyiokdde xe(—o0,1).
94 Ofpa 2- 15247

o) MexpoyovTomoloU e o PIx) KoL s¥oupe

P(x)=2x" -2 +2x—1= x* (2x 1)+ 2x—1=(2x-1)[x* +1]

Bl To npdoruo tou F{x) oiveTow oTow mopom O Tivake,

1
X — E +C
2x-1 . q +
41 + +
P(x) - ] +

FuveTwic ) aviowor Fx) =0 chnbevel e kdbe xe Bm] .
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95 Ofpa 2 - 15246

o) Mo poyovTomo U pE T F(X) KoL EX0ULE

P(xy= 0 +3 —x—1=% (x+1)-(x+1)= (e 1) = 1) = (oot 1) (r+1)(oe- 1) = (e+1) (- 1)

Bl To npoanuo tou Plx) dolveTol oToy MopoKoTw mivoko,

X —C -1 1 +x
r—1 - - q +
[x+1 I: + (] + +
P(x) - M . q -

Fuvemwic f eviowary Plx) =0 ehrBeuel yue kdBe xE[1,+m) u{—l] .

96 Oéua 4- 15677

H Sielpear) Plx) Q0x) dhoelve To aro o ket ayr piee.

=2 — P ar+ 3 r”—2r+1
—zt 4 22° — 2? z® -2
—22° 4+ ar + 3
2 42
(a-4)x+p+2

Adou o P(x) Swnpelten HE To moiudivups O0x) = x° —2x+1, Be MEENEL T0 UTGAOIO THC
meponcvw Sueipear vee elve 10 NS Evikd Mokuwvupo, nou gupBovel povo otoy g—4=10
ko S+2=0, Bndabl a=4 k. S=-2,

BIMea=4 8=-2¢éyoupe Pa=x —2x - +4x-2.

i H Sweipean Frx): (¢ +5) dolveten oto mapokdtw oy

. 2, =

1 a8 . eI,

ol — 2t — ot 4w — 2 " | 9
e [ - -
—T — o =90 —0

a0t — G 4+ dx — 2
2% + 10x

— 63 + 14x — 2
fa” + 30

1dx+28

Exbo0eig MmtapAag
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ke 1) TewToTrTe 6 Sdpeans eivenn e€g P(x) = (27 +5) (2" - 2x— ) +14x+28
ii. Heflgwar P{x)=14{x+2) pe tr fodDewc T mopcmdvig TRUTGTHTRS YIVETOL
(2 +5)0F - 22— 6)+14x+ 28=14(x+ D &=
(P +5)(F - 2x— 6)+14x+ 28=14x+ 28 &
[ +5) (¢ - 2x-6)=0
koL emEB 2 4+5=0  ya kdB: xeEK, fouus dn x —2x-6=0  BniabA

+ +
x= 2_@: 2_2-.5:11“5.

2 2

97 Oépa 4- 15250

a) H Suaipean Bx): (xF — 4) daivere nepoxdtw

¥y =4y - rax+ Jij 4
—x7 +4x7 v =1
—x* +ox+ Jij
¥ -4
cx+ G—4

B) Ad 10 &) EpUITG EXOUHE GTL To undhouno e Swlpeanc Pl (F —4) elven 1o
mohuwvups x4+ S—-4 . Duwe and v exduvror Sveton OTL Blvi TO TOALWIVULLS
Ay4+1. Zuwvemwc ta moduwvupe x4+ S-4 ko dx 41 npénel va elvol oo, Sniadn
=4 ke G=15,
Vi =4 ke S=5 éyoupe Plxi=x" — 42" —x* +4x45.

i, Hreutdorte e Swedpeane P (2 — Delven PO = G — D07 — D+ dxc+1.

i, AblomouavTae THY TaUTATH T TG Swlpearnc mou BArkoUE mopomdvig EYOouLLE

PO <dx+1 G0 -0 - D+dr+1 <dx+1e 00 - D -0 +x+ D <0,

To npborpud tou nehuwwipou LI = (' — Dix—DGE +x+1) deiveten otov

TOORACK O TUiV CeCe,



X —x -2 1 2 e
v —4 + e qo +
r—1 - &+ +
x4+ x+1 + ¥ + +
TI(x) - g+ P - D +

TUVETWIC 1 INTOUMEYr aviowar] ahrBele pue kedBe x e (—oo, 210 (2]

98 Oféua 4- 15431

a)

i. Adou 1o moAuwvupo P(x) éxel napdyovra to (x — 1) woyveL 61U

P=0&
2-134+a-1°+6-1-5=0&
o+ =3

Ertiong to umdhouto e Swaipeong tou P(x) pe to (x — 2) elvaeto P(2). Apa,
PQ)=-1©2-28+4+a-2248-2-5=-1&
16+4a+26-5=-1&
da + 26 =-12 © 2a + = —6.

ii. Tova PpoUpe TG TWES Twy i, f ACVOURE TO oUCTN O

{2a+ﬁ=—6©{2a+ﬁ=—6

a+f=3 f=3—-«a
20+ (3—a)=-6
{ f=3—n <
a+3=-6 a=-9
f=3—-« {ﬁ:12'

B) Kavoupe t Swipeon P(x): (x — 1) pe to oyfua Horner ko €X0UpE:

55

2 -9 12 -5 1
2 =7 5
2 =7 5 0

Apa, P(x) = (x — 1)(2x% — 7x + 5). To tpuwvupo 2x% — 7x + 5 éxeL Slakpivouca
A= (=7)2—=4-2-5= 9o pilec:

Exbo0eig MmtapAag
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7++9 5 7 -9
= == KL Xy =
4 2 4

Apa, P(x) = (x — D2(x — 1) (x - %) = 2(x = 1)? (x - g)

X, =1.

H ypadwkn napaotoaon tne P (x) Pploketol Kdtw and tov dfova XX ylol TIg TYES TOU X YO TS

OTIOLEC
5
P(x) < 0 & 2(x — 1)2(x—5) <0.

0 mivakeag mpoohpwy Tou P(x) elval o akdroubog:

X —00 1 E “+co
2
(x—1)* + 0 + +
5
- - - 0 +
(x=3)
P(x) - 0 - 0 +

Apa, P(x) < 0 & x € (—m,1) U (1,2).
v} Artd o epwnpa B) mpokintel ot n ypadiki napdotacn e P téuvel tov dfova x'x ota
onueio (1,0) ko (2,0). Ao tn ypadkn mapdotoon mPokKUTTEL OTL n cuvaptnon P sivol

yvnolwe avfouoa ota Staotriuarta (—oo, 1] ko [2, +o0) ko yvnolwe ¢Bivouon oto [1,2].

99 Ofpa 4- 15174

o) H Saipeon tou noivwyipou P(x) pe to moAvwvupo §(x):

x*+ x3 +ax—4| x*—3x+2
—x* + 3x3 — 2x? x%+4x + 10
4x3 — 2x? +ax—4
—4x3 4+ 12x72 —8x

10x* +(@—8)x—14
—10x?2 +30x— 20

(a+22)x—24

H tautdtnta ¢ Slaipeong eival:
P(x) = 85(x) - (x? + 4x + 10) + (a + 22) x — 24
Eropévwe mpénewva woyvst (o + 22) x — 24 = 24x — 24 yua kdBe x € R.

Elvau

(a+22)x—24=24x -4 a+22=24a =2



BlMoa =2, elvau P(x) = x*+ x3+2x — 4.
i. To urmdAouto tne Saipeongtou P(x) pe to x — 1 ivauto P(1) = 0.

ii. Znteitan enidvon e eSlowong Px) = 0.

Eivaw: P(1) = 0 © 1 pifa tou P(x) © x — 1 napdyovrog tou P(x).

Edoappoyn tou oxquotog Horner:

1Jo]2]-4p=1

1
.1224
1

Enopévwg oyvet P(x) = (x— 1) - (x3 + 2x? + 2x + 4)
AMGx3 + 2x2 + 2x +4 =x2(x +2) + 2(x+2) = (x + 2)(x%2 + 2).
TeAwd woyvet P(x) = (x — 1) - (x + 2) - (x% + 2).

Elvort Aoutov

xZ+2z0

Px)=0e=(x—1)- x+2)- x*+2)=0—— x=1x=-2.

Enopévwe, ta onueia topnc tou afova x'x pe tnv ypadki mopdotoon TS TOAUWVULKAS
cuvaptnong P(x), sivarta A(—2,0) kot B(1,0).

iii. Znreltoun eniiuon tng avicwong P(x) < 0.

To nipdonpoe twv TLpwy Tou P(x) dpalvetal oTov mopakdrw mivaka TpocHpwy:

X —oo -2 1 + oo
x—1 _ - 0 +
x+ 2 - Y + +
x2+2 + + +
P(x) + 0 - 0 +

Qcexktovtou, P(x) < 0 -2 <x < 1.

100 Ofpa 4- 15066

a) i. Emedn P(0)=2+0, to mohuwvupo Sev £xeL Aucn tov aplBuo 0.
ii. Av 0 aplOpég p eival pifa tou moAuwvipou, TOTe WoxVeL P(p) =0 SnAadn

2p" —5p° +4p” —5p+2=0, (1).

Il
o

, . 1, , , , , . 1
MNo va anodeifoupe dtLo aplBusg — lval gniong pida tou, apkel va deifoupe ot P(—]
p p

Npaypoatkd, eivod

P[—]:i—i+iz—5+2=pi4(2—5p+ 4p’ —5p’ +2p*)=0

4 3

pt e’ P op

Adyw e (1).
Exbo0eig MmtapAag
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B) Ems1dA oL povadikoi Betikol aképatol aplOpol mou pmopei va eivol pideg tou sivon oL Betikol
Slonpéteg tou 2, pe x =2 £XOUpE:

P2)=2-16-5-8+4-4-5-2+2=50-50=0
OMOTE 0 aplBude 2 gival BTk aképala pllo Tou MoAUWVUOU.

v) H e€iocwon P(x) =0£&xeL pila Tov aplBud 2 kot Adyw ToU £pwtnpatog o) £xeL pila

1 _ _
KoL tov aplopd 3 2 > 4 > 2 2
4 2 4 2
Etoy, pe tn fondsia tou oyfjpoTo
pe tn o XMHATOG 5 = 5 = 5
Horner £xoupe:
2 -1 2 -1 1
P(x) = (x = 2){2%*> —x" +2x 1) S
Ko av enovaddBoupe ) Sadkooia yuw to 1 o 1
1
moAuwvupo 2x° —x” +2x —1 pE T0 5 2 0 2 0

CUPREPAIVOUPE OTL
P(x) = {x —2)[x —%)(2% +2)=(x=2)(2x—1){x*+1)
ondte
, 1
PX)=0&x=2 nsz.

8) Emedn ywx kaBs x € R oyvel x° +1>0, to mpdcnuo Tau moAvwvUpou sival iBlo pe to

TPOGT O TOU TPLWVUPOU (X —2)(2x —1). ETOL £XOULLE TOV MOPOKATW THVOKN TPOCH LWV,

—GO

ol N

(x—2)(2x —1) + - 0 +

And tov mivako TpoKUMTEL OTL AUon g aviowong Plx)<0 eival kdBe aplBpog tou

Swaotipartog [%, 2) .

101 O©¢épa 4- 14955

a) Znrdpe tov apBud T(2) =23 —10-22+31-2 — 30 =8 — 40 + 62 — 30 = 0.

B) Ao To o) EpwInua MPOKUMTEL OTL TO MoAuwvupo T (X) ExeL mopdyovToTo X - 2, dpan
Swalpeon T(x): (x — 2) elvon téAewa. Bplokoupe to mnAiko autig tng Swaipeong pe tn

BonBdsw tou oynuotog Horner.

1 -10 31 -30 |2
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Qote T'(x) = (x — 2)(x? — 8x + 15).

Totpuovupo x2 — 8x + 15 éxel Swakpivoucad = (—8)2 —4-1-15 = 4koupilegx = %,
dnAadn toug apBpoug 3 kal 5. TeAwka T(x) = (x — 2)(x — 3)(x — 5).

Etora =2, = 3,y = 5.

y) @éAoupe va Bpolpe To SLOOTAMOTO Yl TG TWEG X Twy omoiwv Ba elvan T(x) < 0.

Katagkeudloupe Tov nivaka mpoofpou twv Twy 7' (x) yua BeTwée Tpég tou x.

X 0 2 3 5 +oo
x — 2 - + + +
x?—8x + 15| + + - +
T(x) - + - +

Almotwvoupe otL mayetwveg Bo uTtdpyouv oTov TAQVATN Ta SU0 MPWTA EKATOMHU P

XPOVLOL KOL TNV XpOvIKN TiEplodo and Tpia £wg MEVTE EKATOUPUpLO XpovLAL.

102 Ofépa 4 - 15960
a) To nedlo oplopov g ocuvdptnong [ elval 1o oUvoAo Twy mpaypotkwy aplBpwv R.
Mo tn cuvdptnon f £€xoupse:
f—0)= f() e (—0)*+k(-0)-1=x*+xx—1 x*—-x-1=x*+x—-1&
2kx = 0 ywx kdBe x € R. Apa to 2xx £lvon 10 pPndevikd moAvwvupo, onote 2k = 0 ko
wobuvapa k = 0.
B) Na i = 0, n ouvéptnon f sivaw: f(x) = x* — 1.
. Mex;<xm<l0exyi>ptent-1>xt-1

Apo: f(xq) > f(x2). Emopéving n ouvéptnon f etven yynoiwg @Bivovoa yua
x € (—0,0].

i. Exoupe: f(x) = -1 x*—12 -1 x* = 0, mou woyVeLylo kdbe x € R.
iii. Novappolpe tax € Ry ta onoia n ypadkn napdotacn g f BplokeTton kKdtw ormd
tov &€ova x'x, Abvou pg v avicwon:
f(x)<0<:>x4—1<0@(xz—l)-(x2+1)<ogx2—l<01:»
=1 - (x+1)<0.
Apa x € (—1,1). Emopévawg 1 ypa@iky mapéatacn ¢ cuvapmons f Bploksetol
Katw amd tov déova x'x ywa x € (—1,1).
103 Ofpa 4- 15790
o) O ouvaptriael; § Kol g £xouv Tedio opwopol to %, dpa gfoupe XeE K = -xe K.
Ethéov 7 (—x)=(—x) = 3(—x) —4=x*-3x* —4= F(x).

Opowx g[—x): —Ii—x:lz +d=—x 44= glix}.

Exbo0eig MmtapAag
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B) At 1o o) epwnpo oL ouvaptriosl, [ ko g sivon dpueg H ypadwn mopdotacn dpuog
oUVAPTRONG Eivol SUPPETpIKR we TTpog Tov afova yy . EMmopavus oL yporhlKE TP OOTATELL Ty

F ko g ouprmhnpuwvovton Omwe hoiveETa 0o TOROKATw oy,

e

581

12
i, Exoups fl:x\,l:‘g'lzx\,M:}}c'1 -3 —d=-x'+4=x"-2x"-8B=0. (1

Réwups x* =y, onowe (1): ¥ —2y-8=0 pe A=36 ko »=-2y,=4, dpa x* =-2 mou
sivon adivoen fy X° =4<=x=-2 1| ¥= 2 mov eival ot Irovpeves AUoEL,

i, Tpodukd, ADorn o coAowanc f[x) <:g|ix:| ELWOIL OL TLMEC TOU X YO0 TG OTIOIES 1) yporhikn
Topdataon S g elvol Tovwe oo v ypodwn nopdotoaon tne /. Onote n ovigwan

oAnBela v er:—Z,E:l.
104 O©fpa 4- 17919
o) H suBeia AB €xeL eticwon g popdnig (8]:y:ax+[f. To anueio A[l.—i} eival
onuelo g (£), dpa:
3
——=a-1+ 1).
n A (1

To onpelo B(4,—3) glval onpeio tng (.9), apo:
3=g-4+ 5 (2).

Alvou e 1o guotnpa twy eflowoswv (1) ko {2):

n 3
S T TN P WA L a3
4 = - = 4
B=w-4+p 4o+ f=-3 4-[——]4—;3__3 p=0

Apa n euBeia AB éxeLetlowon (s):y= —%x.
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B)

i. NakdBe xR woyveL kol —x € R Exoupe:
J(=x) :l(_-"f —(=x) =2y +x__[lx3 —«YJ_ -/ (x).
4 4 4 . .

i. Zto Bi) amodeifape 0Tl f(—x)=—f(x) yia kdBe x € R , Snhadn otLn f eivon mepurth.

TuveERWS N ypadikn TG Mapdatacn e(voal CUMMETPIKA W TTpog TNV apx twv afdvwy

(0.0):

y) Efartiag tng ovppetpiog g ypadikrg mapdotacng g f wg mpog 1o (0,0) , TO OnEio
_1'1 Ba avikel otn ypadLKl MOPACTACH 1 OTolo SIEPYETOL KOL Ond TO (0_.0). Ouwe ta

onuelo autd avikouv kol otnv subBsia AB. Apa ta Kowd onueia ¢ subsiag kaL ng

3 3
KaprUAng sivon Ta [1,—2} (0,0) kau (—Li}-

A, -2

-2

-3

Ex&00eig MrmapAag
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1 3 . .
Evoddaktkd, Ba Abocoupe v eflowon ij —x= fax. Exoupe woodtvapo:

I ; 3
— X —x=-—x&
4 4

Y —4x+3x=0<=
¥ —x=0
x(:c2 71)=0<:>

x=0fx=Ix=-1.

Apa ta kolva onpeia slval ta [I,—%} , (0, 0) Ko (—1,%].

105 Oéupo 4- 17925
a) Onwg daivetal oo oxfue, n ypadwn napdotaon me F téuvel tov x'x dfova oto
(—2,()), onote £Youls woduvapuo:

f(-2)=0=

%(—2)“ va(2f =0

B)
. | , . .
i. Exoupe f(x) :zf —x . Mo k&0 xR woyveLkal —x € R, Onédte:

4

ii. 2to Bi) amodelfape O f(—x)= f(x), dnhadn om n f eivon dptia. ZUuveEnwg n

Fe0= () () = = 1 (),

ypadLkA TG mapdoTaon slval CUMMETPLKN wg Tpog tov v’y afova:
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-~y

v) Mpoypatkd _f'(fﬁ)=l(f\/§)if(f\/§)z=273=72, OMOTE TO ONMELD (\/5,3}

4

avnkel otn ypadlki nopaotacn g /.

E€atiag tne oupustplag tng ypadwiic mapdotaons e f w¢ npog tov ¥'y dfova, ta

3 3
onueia [1,—1] Katl [\@,—Z] Ba avikouv eniong otn ypadikn noapdctacn Ko n gubeia

3, , . , , 3 3 3
y:—z EXEL TECOEPO KOWQ ONMELX LE TQUTIAV, TA —1.—Z , 1,—1 ;|- 3,—2 KO

(-2)

4

EvoAlaktikd, 8a ADcoupe tnv sgicwan f(x)}= % . Exoupe woobivapa:

. 3
N=—"0
J(x) 1
— -y =-c
4 4

o4y’ 3=0

=1 4 x* =3
Apo oL ADoelg g elowong elval téooepig: x=-1, x=1, x= f\E, x=+/3 kat CUVETWE T

, , , 3 , . , 3
kowd onueia tng gubeiag y :—Z uE TNV ypadikn mapdotacn tng f elval Ta {—1,—%}

22l

Ex&00eig MrmapAag
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106 O¢pa 4- 15005

a) To nedio oplopov tng ouvaptnong f elvanto R, onote av x € R tote kaw —x € R.
Eniong elvaw: f(—x) = (—x)® —3(—x)? +2 =x° —3x*+ 2 = f(x).
Apa, n f elval dpua.
B} O tetunpéveg Twy onUElWY TOUNS TG ypadkhng NAPACTACHS TG oUVAPTNONS [ HE ToV
dgova x'x eivar oL Aboelg the eélowong: f(x) = 0 x®—3x%* + 2 = 0.
@¢toupe x? = y kaw n e€iowon yivetat
¥y =3y+2=0 (1)
O miBaveg akepaleg pileg g e€iowang (1) sival ot Suupéteg Tou 2, dSnAadn ot £1,+2. Na

p = 1, kavovrag ) Swaxipeon pe tn forBewa tou axrjpatog Horner, EXCUpE:

1 0 —3 2 p=1 |
1 1 -2
1 1 —2 0

Omnote, to 1 elvan pifa kaw ny e€lowon (1) yivetal:
-Do*+y-2)=0s
y—1=0sy=11y*+y—-2=0.
Hefiowon y? +y — 2 = 0 éxeLpilec g y, = —2 kL y, = 1.
Ondte, x2 = =2, a8bvamx’ =1 x=19x = —1.
Apa Ta onpeia TOPAG TS YPadIKiE mapaoTasnc the ouvaptnong f pe Tov afova x'x sivav:
A(—1,0) kLt B(1,0).
y) Enedn n f eivaidpua, n ypadn g napdotacn sivat SUPHETPLKE WG TiPog Tov dfova V'y,

OMOTE £XEL TNV akOAOUEN popdr:

8} Ano tn ypadkn napdotacn npokUTeL 0tLn f sivat yvnaiwg ¢Bivouoa os kaBéva and ta
Sraotipara (—oo, —1] kat [0,1] kot ywnolwg avéovoa os kaBéva and ta Swaothporta

[—1,0] ka [1, +00).
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107 ©épa 4- 15094
a) $(0) = 0 (to kwntd Bpioketal otnv adetnpio) katS(2) = 2- 8 — 6-4 + 20 = 12 pétpa.
B)S(®) =30 2t3—-6t*+ 10t =30 = t* —3t2+ 5t —15 = 0 (1).
Mbaveg aképaleg pieg g (1) givow ou +1, +3, +5, +15. Emedi o xpovog elval pn
apvnTIKO duoko péyebog mBaveg pideg elvatodl, 3, 5, 15.

Htopn t = 3 emaAnBeleL nv e€iocwon kot pe tn PorBela tou oxnpatog Horner, £xoupe:

Apan(l)e (t=3)(t2+5) =0t = 3.

Eropévwg to Kwntod Ba ypeaotel 3 Seutepoiemta yw va Slavioel andotoon 30 pétpwy.

v) NpoypoTikd, £oUpE:

S(t) =2t3—6t24+ 10t =2t(t*—3t+5) =0,

Sttt = 0 (ekdppdleLto xpdvo)

ko t2 =3t + 5 > 0 (to tpuwvupo éxeL Swakpivouoa 4 = =11 < 0, emopévwg eival mdvra
OHACTHO TOU CUVTEAEDTH TOU L2).

&) Me Béon 1o Puocwod mhaico tou mpoPARuato, n cuvaptnon S(t) mpémnel va sivan pn
OLPVNTIKI KOIL OE KOVEVD YPOVIKO Slaotnpa ywnow ¢pBivouco. Emopévweg, elval:

H (1) sivow pev pn apvnukn, aArd 6 Suatnpeito (blo eibog povotoviag,.

H (11} moilpveL KoL P VHTIKES TLUEC.

H (lll) elvar pn apvnuki kot ywnolwe avfouoa moaviol, w¢ £K TOUTOU aitoteAsl tnv

evbedeypévn andvnon.

108 ©fpa 4 - 15377
a) O oykog g kuPuaig Sefapevrc A unoAoyileTol amo Tov TUO Tou Bykou kUBou, dnAadn
Va(x) = x* kat o oykog tng Sefopeviic B, amd tov tOmo Ttou dykou opBoywviou

rapoAAnierunédou, Ve (x) = (x + 1) - x°.

Eropévwg, A(x) = Vg(x) = Va(x) = (x+ 1) - x? = x3 = x3 + x% — x® = x2,

B)i. Enedn Vg(x) =36 & (x+ 1) -x* = 36 & x°> + x*> = 36.
*+xP=36ox+x"-36=0 x-3NE*+4x+12)=0
x—=3=0/x*+4x+12=0.

Apa, £xeL ™ povadikr Abon to x=3, To Tpuivupo x? + 4x — 12 = 0 éxeL Suakpivovon

Ex&00eig MrmapAag
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A=-32<0. H dudotaon g defapevic A elvar x = 3 pérpo. Oudactdoei; g defapevie B elvon
3 pétpa, 3 pETpo Ko 4 pétpa.

ii. H&wdpopd twy dykwy A(x) = x? yia x = 3 mpokUmtel dt eivan ion pe 9 kupwd pérpo

v) Hvéa BefapevA T Ba gxel dyko Vi (x) = (x + 1) (x + 2)x.

Ao ta Sedopéva éxoups Vir(x) = 60.

AUVOUE TN MOAUWVUULKA avicwon

B+ 3x%2+2x— 6020 (x— 32+ 6x+20) =0 (1).

Enewdn, to tpusvupo x2 + 6x + 20 St pei BeTikd poonpo yla K&OE T ToU X, TO TPAcN O
¢ aviowaonc (1) kaBopi{eTon and to x-3.

Apa oL AUgEeL; TNE avicwong (1) elvax = 3.

Emopévwe, n PKpOTEPN TLUA TTOU PITOPEL vor MAPEL TO X €ival To 3, Tou elvat Kol i {NToUPEVn

QKA.

109 O©fupa 4- 17943
a) To opBoywvio tpiywve mou kavorotel ta Sedopéva €xel kabeteg mAsUPEG X, » Kow

, . , . Xy 120 ,
umoTEivouoa [x+ 2) . To epPabddv tou eivan E = 60cm’, ondre: T} =60 < y=— kouwamnd
X

1o MuBaydpelo Bewpnpua:
(x+ 2)2 =x'+y' o

~ 2
(x+2)2 —x2+[ﬂj =

X
,\:2+4x+4=x2+]44,00
o
3600
x+tl=——<
X
X +x0=3600=0. )

B) Ov uBavég axépateg pilec Tne efiowong x +x —3600=10 mou elval WKPOTEPES TOU 16
kat elval Betikoi apBpoi {(to x  elval pAkog mAsupdg Tpwywvou), Eival ol
1,2,3,4,5,6,8,9,10,12 kow 15. Ou apBpol mov eivar pkpotepor tou 10 dev propel va gival
pileg, ylxTi to abpolouo (x3 +x3) npenel va woutal pe 3600. Mapatnpolps OTL
10°+10°=3600=0, dpa 1o 10 Sev eivan pila g efiowong, omwe Sev eivat kat 10 12,

Katadiyoupe oto 15 ko kdvouvpe ) Swalpeon (x +x* — 3600) + (x 715):
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x® + 2® + 0z — 3600 r—15

(+) —2°+ 1522
z? 4 16z + 240

162> + 0z — 3600

o,
—16x° 4+ 240z

240z — 3600
(+) —240zx + 3600
0

Onote n eticwon (1) ypadetal: (x—]S)(x2 +]6x+240) =0.

H pdvn AVon tne eflowonc elvon x=15, yati n " +16x+240=0 eivar adlvorn

(A=-704<0).

. . . . , 120 , ,
Apa oL kdBeteg mMAsUpEG TOU Tpywvou gival 15cm ko F=8cm. H umotsivousa eival

1542=17cm.
¥) Eva elvon to opBoywvio tplywvo mou kavorolel ta apyka Ssbopéva Tou mpoBARROTOC
Ko auTd £ivon To Tplywvo mou PprAKape oto B) epwtnua, yiati n efiowon x* +x* —3600=0

Bev E£XeL GAAN AUon exTOg amod v x=15.

110 Oépa 4- 15187
o) Oétoupe puw = x Kol n e§iowon ypddetal
5x%—8x2—7x+6=0.
OuvmBavéc aképoateg pileg g eElowong elvar oL Suoupéteg tou 6, Sniadn ot +1, +2,+3, +6.
Me Sokprp Swmotwvoups ot o —1  slvon plla.  Kavoupe 1w Suwipeon

(5x3 —8x%2 —7x + 6):(x + 1).

5 -8 -7 6 -1
-5 13 -6
5 —13 6 0

Apa 5x% —8x2 —7x + 6 = (x + 1)(5x% — 13x + 6).
To tpwvupo 5x% — 13x + 6 éxel Swakpivovoa A = (—13)2 —4-5.-6 =169 — 120 = 49
Kol pieg:

13++v49 13+ 7
X1 = = =2
2-5 10

Kat

13—-+v49 13-7 6 3
Xy = = —

2.5 10 10 5

Eredi 0 < w < %, gival 0 < puw < 1, dpan podvn anodektr Avon elval ppw = %

Exbo0eig MmtapAag
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B)

i. loyoslotu
3y 2
2 2, _ 2 2,
ncw + avv w-l@(s) +onw=1¢e
5 " 16
i =1 ——=—
25 25
Ensbn 0 < w < g, givaLovve > 0. Apa,
16 4
ouvw = T

ii. AMO TOV TPWYWVOHETPIKG KUKAO yvwplloupe OTL TO onpelo B €xel CUVTETAYUEVES
(ovvw, nuw), dpo B(%,%). Ta onpela I' kou A elvol suppeTpikd tou B wg mpog tov

a€ova y'y kaL tnv apxf O avrtictoyo. Ondte eivo:
r(-49al-4-3)
5’5/’ 5 5
To nuitovo kot o cuvnpitovo twy ywviwyv AORB, AOT ko AD A givon oL teTaypéved Kot
OLTETPUNUEVES Twy onpeiwy B, I ko A avriotowa. Apa,
~ 3 ~ 4
nuAOB = E’ guVvAOB = E’
~ 3 ~ 4
nuAOrI = o ovvAOT = s
KeiL

~ 3 ~ 4
nuA0A = _E‘ agvvAOA = —g.

111 ©¢pa 4- 15037

o) Houvéptnon f opiieton povoyiax + 3 = 0, dnAadn yiax = —3.

Apa, to edlo opopol g felvau A = [—3,+00).

Topdwva pe to oxAua n f eivan yvnolwg avfovoa oto [—3, +09).

H cuvdptnon g maplotavel euBsia ylo KADE MPOyUOTIKA TUYL TOU X KOL £lval yvnoilwg

avfouca oo R, eddoov elva tng popdnigy = ax + f pea > 0.

B) O piZeg tng e€lowong f(x) = g(x) & vx+ 3 = 3x — 1 sivou oL TETUNPEVES TWV KOWWY

onpeiwv twv Cr kot Cg tou avikouv oto olvolo A=A N Ay = [—3, +0).

And To oYU MOPATNPOUHE TWE OL YpudIKEC TAPOOTACELS TEUVOVTAL OTO chnueio (1,2),

SnAadn oto onuelo pe tetpunuévn x=1 kot 1eA.

Apa, n ekicwon €xeL povadikn Avon x=1.
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B) EvaAdaktiki Abon :

O pifec e eiowanc f(x) = g(x) mpokintouv and we Avoeig e napakdtw eélowong

Vvx+3=3x—1
Hefiowon opl{etanywax = —3ka3x— 12 0= x = %

VX + 3 = 3x — 1 uptovoupe KoL Ta O PEAN OTO TETPAYWYO

VEF3 =(@x—1D? e x+3=0x—6x+1 e 9x2—Tx—2=0.

O pifec Tou Tpuwvipou givol 1 kol — %. Anod T plilec aUTES BLOMICTWYOUUE PE eMaAfBsuch
Ot povo n x=1 elvon ektn.

Apa, povadkn Avon g e€iowong f(x) = g(x) elvaw n x=1.

y) i. H aviowon f(x) < g(x) Adveton ypadwd pe to va Bpolpe g tetunpéve, Sniodn ta X,

omnou n Cr elvan kKédTw amd Cg.
AT To oY TPoKUTTTEL twe auTtd cupPaivel yia xe(1, +00).
ii. AAlyePpwa n avicwon AveTaL:
Mo 3x—1=20¢« xZ% KOL X = —3, £XOUpE
() <g() o Vita<3x—1oVits <Bx—1)2 o
x+3<9%x*—6x+1&

9x? — 7x— 2 >0 tote
x€(—00,— 2 )U (1, +00).

Zupdwva pe Toug mEPLOpPLOPOUG N avicwen aAnBele yia xe(1, +0).

Mo 3x—1<0ox <§ Kalx = =3, éyoupe vx + 3 < 3x — 1 addvarn.

112 Ofépa 4- 15270
a) Ao to oxnpa tne ekdwvnong npokutel 6tuLn f elval yvnolwg $Bivouca oto nedio opopov

me¢. Eniong, n péylwotn Ty g elvo (on pe 1 ko srtuyydveto otov x =0.
. . 1 , , . 1 1
B) And v avicdnta a < 2 KoL T povotovia g f oupnepalvoups ot flo) > f n = fla) > >
onote 2f(a)—1> 0.
, 1 . 1 1 ' . :
Eniong, P> 7’ onote f(B)<f 2 =fB)< > art’ émou npokutteL ot 2f{B)-1<0.

Apo, P=(2f(a)-1)(2f(B)-1) <0.

Exbo0eig MmtapAag
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y) O teTpunpéveg twv kowwv onueiwv g ypadwrig mapdotaong C. g f pe v gubeia,
Silvovtal armd tn Aon g e€lcwong f(x) =2x. Mg x =0 £youpe:
fix) =2x <> 1—fx =2x < 2x +4/x —1=0

Av Qfcoupe \/;: u, tote n efiowon ypadetot 2u” +u—1=0 ko £xeL AVCELS TOUC apldpoug

1, .
—1 kot 5 EtoL £xoupe:

. u:—lzJ_:—lnou giva advvarn.

; , , , . 11
Apa 1o povadikd kowd anpeio g C. pe v eubeia eival to A(Z, E]

EvoaAhaktiki AUon tou gpwthpuatog y)

1
Mapatnpoupe 6TL 0 aplBpode Z givaw AUon e egiowong f(x) =2x. Erumiéov:
1 1 1 ,
o Av X>—, 10t 2X > — kou f(x) <=, omdte f(x)#2x.
4 2 2
1, 1 1 .
o Av OSX<Z,TOTE 2x <E Kai f(x)>5,onore f(x) = 2x.
Enopévwg n eflowon f(x)=2x &xel povadkn Avaon v x =% KOt TO PovVaSiko Kowo anpeio g

C. pe v gubsia eivaL to A(l, EJ
4 2

113 O¢pa 4- 15436

EBivorBA =2, MA=x, MK = 4 — x.

H oxfon petall tou Swaotipatog s mou Swavietal, Tne TaxUTnTog ¥ KoL TOU avTicToou
¥pOvou Kivnong &, elvo v = %@ t = % .
a) To tpiywvo BAM elval opBoywvio, ondte sdappolovrag to Mubaydpelo Bswpnpo
TMpOKUTTEL OTL BM = Vi + %2,

B) H kivnon yivetal og U0 péoa — koAUpPnon otn BdAacoo Kol TPEEWO ot Enpd — pE

. . . . km km , .
Suadopetikés (0AAE otabepéc) tayotntee v, = 3 = Ko v = 5 - avtiotoa. Etol, o

CUVOAKOC XpOvoc kivnong Ba mpoku el we dpowopa twy 500 ETULHEPOUC XPOVWY.

~f 2
s O xpovogkivnongandto Boto M: t = i—M = %
s Oypovockivnonganoto Moo K: t, = Mv—K = ‘}_Tx
T
VarxZ | 4-x

s O xpovogTng cUVOAKACKIVIONG: Loy = & + L5 = S =
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Enopévwe, n ouvdptnon mou ekbpdiel wov xpovo kivrong t (oe h) tou kohupPntd — dpopéa

wg mpog tny amdotaon x (oe km) elvawn

v4i+x? 4 —x
t(x) = + , x €[0,4].
3 5
v) Apkeiva AuBein eicwon:
t()_4@\/4+x2+4—x_4©
X =3 3 5 3

5v4+ x4+ 34 — x)=2025/4+x?2=3x+8

Adov x € [0,4] énetandtL 3x + 8 > 0, enopévwe Wwoobvvapa sivol:
25(4 +x2)=(383x+8)? = 100 +25x? = 9x? + 48x + 64 &

3
4x2—12x+9=0©(2x—3)2=0©x=5

HAvon eivan ek, S1om % € [0, 4].

Ernopévwg o kohupBntrc Ba BysL otnv akth o andotacn 1,5 km and to onpeio A.

114 Oépa 2- 15393

a) Mapatnpolpe oTL n ypadikn napaatacn g g(x) mpoekupe amod pla opovia
KeTaTtormon Tng ypadkig napdotaongng f(x) katd 2 povddeg mpog ta defLd.

Eniong, n ypadwn napdotaon tng A(x) mpoékue anod pla KATHKOPUGN LETATOMON TNG
yvpadkngnapdaaraangtng f(x) katd 1 povada npog ta mavw.

B) Me Baon To map amdvw, EYOULE:

21

9(x) = flx — 2),dpag(x) =28 2= == f(x).

kat A(x) = f(x) + 1 =2+ 1.

y) ZnTdpe vt Tou x, Wote f(x) =16 & 2 =16 & 22X =2' o x =14
Etol, to {nTovpevo anpelo eiva A(4,16).

1

Exbo0eig MmtapAag
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115 Ofpa 2- 21451

a}l H ypadkn napdotaon g ocuvaptnont g(x)=3"+1 RPoOKUMTEL and KkaTaKopudn
LETATOMNLON TNG yYpodlkng ropaotacns g / katd 1 povada mpog ta mavw, evw n ypadlkn
napdotacn ¢ ouvdptnong A(x)=3"—1 TPOKUMIEL GMO Katokopudn HETATONLON TNG
ypadkig napdotacng tng F katd 1 povada npog ta KATw. 1o Tapakdtw oxfpa dalvovtal ol

YPODIKES MAPAOTACELG TWY TPLWY CUVEPTHOEWVY.

g(x) =341

hiz)=3"—1

B} H ypadwr napdotacn tng f(x)=3" éxeL agdpmtwtn tnv evbeia y=0 (tov apvnrikd
nudova Twv x). H katakopudn uetatonlon tng f katd 1 povdda mpog ta mavw Ba
petatonioel Kot tny acOpntwtn suBela kard pla povada mpog ta mavw. Apa n ypadikn
TAPATTAON TNG £ EXEL AOLUITTWTN TN eudeia pe eflowon y=1.

Opolwe, n katakdpudn LETATORLON TN F katd 1 povada rpog ta kaTw Ja PETATONIOEL KOL TNV
oovupntwtn suBsla kata plo povado Hpog To KAatw. Apa n vpadikn Aapaotacn tTng A £XEL
aocUpntwtn thy euBeia pe eflowon y =-1.

116 Ofua 4- 21444
AYZH

a) OL Aoeg T e€icwang f(x) = g(x) elvor oL TETUNUEVES TWV KOV GNUEIWY TWV ypadikwy

MOPOTTATEWY TWV CUVAPTAGEWY f Kal g . EYOUE:

Sx)=g(x) =
4 :2"fl<::>
4

4'(2"')2—4-2-‘41:0"5
4y’ —4y+1=0<
(2y-1)' =05

1
y=7
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Apa
2"=l®
2
r=2"c
x=-1

Omote ol YpadlKES TAPUTTAGELS TWV CUVAPTHOEWY f KAl g €Youv akplpwg éva kolvé anpelo

w0 A(~l,i—},a¢00 FEn=g(n=1

B) Oa deifoupe otL f(x) > g(x) yua kdBe x = —1. Exoupe Looduvapa:
Jx)>glx) <

4 >2x,l@
4

2 y=2
4-(2*‘) 424130
4y" —4y+1>0&
(2y-1) >0,

ToU LOYUEL Yo KABe ya KOs TpayLaTIKO aplbpod y # —12- SnAadn ya kdBe payuaTikd aplopd
X yla Tov onolo LoyVeL:
2% # 1 =

2

22 '
x#-—1.

Apa n ypadlkh mopdotaacn TG suvaptneng f Bploketal mavw and th ypadLkn mapdotaachn g
g, he egaipeon to onpeio A(l,%} .

y) 2TO MOpaKdTw oUCTNUO OCUVIETOYUEVWY daivovtol oL YpadLKEG TOPOOTACEL; TWV

ocuvaptnoewv f Kol g. Na onpewwooupe 6tL n ypadlk MApEoTaon TG ¢ TPOKUMTEL and
. . , . . ! . .
KOTaKOpUdn LETATONLON TNG YPADLKAG Mapdotacns tTng y =2° katd 7 MOVASEG MPOG T KATW

Kal e Tn BoBe1a Tou mapaKdTw Tivaka TILWY.

¥ D[ Jo] 1
Je=4 | L [ 1 [1]4
6 | 4
¥ Do
Lo |1 ]13]7
=2 -1 LI A A
8(x) 4 4|43

Exbo0eig MmtapAag
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117 Ofpa 4- 21471
a) H ypaduwr napdotaon g ouvdptnong f Siépyetat amd ta onpeia A(1,3) ko B(2,13),

Onote:
{f(l)=3 - a-2'+ =3 @{2a+,6’=3 é:;{Za:lO @{a=5
F@=13  |a.22+p8=13 |da+f=13 [(2a+f=3 |f=-T

By Na a=35 ke F=-7 n ouvdptnon ylvetal f(x)=35.2"-7 kaL yio x=0 €xoupe
f(0)=5.2"-7=5.1-7=-2. Apa n ypadwr| napdataan TG cuvaptnong f TEPVEL Tov dfova
»'y ot onpeio (0,-2).

y) Napatnpovpe duyia x,,x, €® pe x, <X, ,EXOUUE

2" <2 =

5.21<5.2% &

5.20 -7<5.2" -7

F)< /(%)

Apan f(x)=5-2" -7 eivar yvnolwg abfovoa guvaptnan.

8) Exoupe

f>4-3=

5-2f—7>(2X)2—32X§

Y =5y+4<0 ().

To tpuvupo 3> —5y+4 €xel pileg 3, =4, y,=1 (bwwn 1+4=5=S kot 1-4=4=P). H
aviowaon (1) aknBevetyia 1 < y < 4, Snhadn:

1<2"<d4= 2 <2"<2? = 0<x<2.

TeAwd n aviowon f(x)> 4" -3 aAnBedeyia x€(0,2).
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118 Ofpa 4- 15269
a) H ypadwr) mapdataan e f amoTeAeimon and v y=&" pa x <0 KTy y=e pa
x20 ONOTE O TUTSE THC EIVEL O TIPWTOS Gd TOUC S OOMEvOU S TUTIOUE,

1

-0.5 1

Bl ARG Ty napondvw yood k) nepdateor) e f oupmepoivou ue ot cuty elvol
*  pyrjolw e euEouot oo Sudotr e (—oo, 0]
s prolwc ddivouoa oto Sudatua [0, +00) ko
o nopouodlel ohkd péyato e x=0, o f{0)=1

vl Awplvoupe Tie mapokdtw SuvaTés ME pITWOELS:

* Av a=0, (uBely g )ToTE N G ke EuBeln y=qa8ev Exouv kowd arueio,

* Av Dzw<l, (BubDeEld g, ) TOTE 1 G ke EUDElR y=ca Exouv axkplpuig Suo koud ar-
LLE [,

o Avoa=1,(eubela e )ToTE N G konr) EUBElR y=aéxouv Eva udvo KOwWd anpels.

s Avax1,(eubeic g, JToTE N G ko eubeia y=qBev EYouv kowd anueio.

1 -0.5 4

Exbo0eig MmtapAag
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&) H mopapoh] y=x +1 &uépyeton and to onpeio (0, 1) apod yua x=0 sivaw y=0"+1=1. To
onueio {0, 1) sivon Ko or-
peio g C,, adou f{O)=1.
Me x=0 &oupe x° >0,
ondte  y=x"+1>1 ko
fx)<1. Apo n mopofoin

kv n C. Gev gxouv dihko

KOWO GNUELD, DTIOTE TO PO-

vadlkd KOWwWo anueio Toug 57

eivan to {0, 1.
Ixolw
1o mMAoiclo puag ypadkne Abong Bo pmopoUoope v oyedLdcoupE TNV mopaBoir ko T

ypodLkA napacoteeon e f ko vo SLoomoTwooupe OTL Exouy HovadIKd Koo anpeio o {0, 1)

OTL WG P OVETON OTO O .

119 O©¢pa 4- 21470

a) Mvwpllovpe oL petd and 0o ypovia £xeL amopelvel To 3 ¢ OPXLKAS TTOCATNTOL,

Snhodn:

_]' lE_QO C2_180>OC_1 N
Q(z)_g‘Qodgo'e _T‘::’(e) —5@’@ ——3.OT[OTE
O(N=0,-¢" =

B 4
0N=0,-(¢) =
1 ¢
o) = Qo [_] .
NG
B) Nvwpilovpe ot petd and téocepa xpovia £xeL amopeivel 1 KO padlevepyol LAIKOU Ko
1 4
and 1o o) gpwinua yvwpifoupe emiong ot (1) =0, (ﬁ) . Zntodpevn elval n apxkn

noodtnta nov Badnke, dnAadn to ¢, .

Emopévwe: O(hH=1< 0, [%J =10, -(éj=l<‘;>Q0 =9 kAd.



120 Ofpa 4- 21448

a) Xto mAaiolo tou mpoPAfpatog n otabepd g, maplotavel n 660n tou GAaPPAKOU TOU
nApe o acBevAg (tnv MocdTNTG Tou GaPPAKOU GTOV OpYaVIoUO TH Xpovikh otypl £ =0).
H nogdtnta tou Gappdkou mou Mopapével OTOV OpyavIguo Tou aoBevolc pewwveTal 600

nepvoUv oL Nuépes, SnAadr n ekBetkr cuvdptnon f(f)=gq, o eivow $pBlvouca, to onoio

oupPaivel dtav D<o <1.

B)

i. Mla nuépa peta ™ ARPn tou dappdkou, n MOCOHTNTG TOU CTOV OPYOVIOUG TOU

acBevoug £xeL urodutAaowaotel, Snhabdn

f(1)=%°©

ii. Mapatnpoupe ot

1
f(0)=g,-a"=gq,, f(1)=q0'5=

(WYt s (LY@ e (1Y
f(4)—qo[] O qU o [©)=4, [J

2

Onote:

9
2

) f(2)=%'[

1 _
2 64
t] 0 11 2 3| 4] 5 6
FOla | % |2 | % | D | % | %
2 14| 8 |16]|32] 064

i Exoupe f(4)=25< lq—g

ii. Mg tn PBonBswa tou Pii) pwTAUATOC £YOULE TOV MOPOKATW THVOKO TUWV Yl T

i
ouvéptnon f(i)= 400-(%] oto Suotnpa [O, 6] :

=25 g, = 2516 = g, = 400 mg.

t

0

1

2

3

4

5

F®

400

200

100

50

25

12,5

6,25

H ypadwr napdotacn g /' Galvetol oTo NOpakETw oOOTN LG CUVTETOYUEVIDY,

Exbo0eig MmtapAag
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(0, 400)
4004
f(t)
(roocoTnTa 350
pappdror)
300
250
(1, 200)
200
150
100
50
(5, 12.5)
(6, 6.25)
3 | [ b |1 | lo 1 2 3 4 5 6 7
t(nuépes)

121 ©épa 2- 15687

a) Artd T WOOTNTES Twv AoyapiBuwy, EXOUpE:
3a
A=Iog43+Iog4a—Iog4B=Iog4(3a)—Iog4B=Iog4F.

B) H napdotaon A pe 30 =160, ypaderal
16
Alog4TBIog416log442 =2log,4=2.

122 ©¢pa 2- 15816

o) Eivau

a+y=In2+In8=In(2-8)=In16=In4*=2In4 =24 .

B) Elvaw S+ y=In4+In8= ln(4-8) =In32=1n2’=5In2 =5a.

Inpeiwon :

O apBpoi 2,48 cival pe auvt) tn oepd Soboxikol Gpol YEWHETPWKAC Tipoddau adal
4#=2-8 , evworapBuoi @a=In2, f=In4, y=In8 eivaw pe ot} m oepd Swadoyikol dpot
aplOpnTkAg tpoddou adol dnwe deifaps 28 =a+ .

levikd av a, fF,y elvan pe autr  oepd Betikol Stadoyikol dpol yewpeTpkrg npoddou, Tote

otapBuol Ina ., In B, Iny eivon pe auth ) cepd Stadoyikol dpot aplBunTkhg npoddou.



123 Ofpa 2 - 15817

a) Elvon 1<2<3 <= hl<ln2<In3 < 0<a< f.

3
B) Elvon ﬁ—azlnB—anzlnE<lne=1,onc')r5 npdypon f-—a<1.

124 ©épa 2- 21473
AYZH

a) H nopaotaocn A opiletal yla TIC TLUES TOU TpayHOTIkol aplBpol X yLo TLC OTIOLEG LOXUEL:
x>0 x>0

Kot < skat , 6nhadn x> 0.
x+6>0 x>-6

B) N'vwpiZoupe otLya o >0, a #1 kat x,,x, > 0 wyVeL n Loduvapia:
log, x, =log, x, © x =x,.

Omnote ya x > 0 EXOUE:

Inx+In(x+6)=In7 <

ln[x-(x+6)]=ln7 =

x-(x+6)=7<

X Hox-7=0&

(x-1)-(x+7)=0=

x=1>0, nmou eival dektn | x = —7 (amoppintetal).

TeAwa n Abon g e€lowaong eivat x =1.

125 ©fpa 2 - 15808
a) H ouvaptnon / opiletal yia OAEC TIC APAYHUOTIKEG TLUEG TOU X VLA TIG OTIOLEG oY UEL

x+2>0
x>-2

Tuvenwe to nedio oplopol TG f eival to (—2, +00).

B) H tetpnpévn tou onpeiou Topng tng ypadikig napdotacng tng f pe tov afova xx', gival
n Abon tn¢ eflowonc:
fD=0e

Inx=yoet=x

In(x+2)=0 <

x+2=¢"o
x+2=1<
x=-1.

Tuvenwg To onueio topng g ypadikig mapdotacnc tng / pe Tov dfova xx' sivol To
(-1,0).

v) H ypaduwn napdotaon g f{x)=g(x+2)=In(x+2) 6a npokUiel and peratémion e
ypadLkic mapdotaons NG g katd duo povddeg apotepd, dnwe daiveTtan oTo MAPAKATW

oxfiua.

Exbo0eig MmtapAag
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ra

flz)=In(xz+2)

g(z) = Inzx

(5]
=3
(3
w
-~
w
@

126 O¢pa 2- 21449

a) H ouvvdptnon opiletal yla Toug mpaypatikolg apltBpols X yla Toug ORoloug LaYuEL
x+1>0< x> —1. Apa to nedio oplopol g ouvaptnong f eivaito A = (—1,+oo).

B) H ypadiki mapdotacn g cuvAptnang f SLEPYETAL amad TNV apyf Twy afévwy (OﬁO),
adov yia x=0, gyoupe f(M=In(0+1}=In1=0. Aev tépveL tov x'x ot dAko onpeio, adol
yia y=0, ggoupe In(x+ ) =0 x+1=1<x=0.

y) H ypadwr mapdotach T cuvaptnong f MPoKUTTEL and HETATONION TNG ¥ = Inx Katd |

povada aplotepd, 6w dAlVETOL OTO TAPAKATW GYHMA.

f(z) =In(z +1)

127 Ofépa 2 - 15675
a) H ouvdptnon / opileton ylo OAEG TLG MPOYUOTIKES TLUEC TOU X YLOL TLG OTTOLEC LoXUEL
e-1>0<=
e>le
AR —
x>0

Tuvenwe to medio oplopol e f eivalto (0,+oo).
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f3) Elvau
f()=0c
]n(e’“—l)zlnl<:>
e-1=1<
=2
x=In2

HAuon In2 eivon Skt adol In2>Inl<In2>0.

128 Ofpa 2 - 21472
AYZH

a) N'vwpifoupe otLya o >0, a #1 kat x,,x, >0 woxVeL n Looduvapia:
log, x, =log, x, < x, =x,.
x+1>0 x>-1

Entiong n e€lowon opiletal yia < kot &akor L, 6nkadn x>0.

2x>0 x>0
OmOte €X0UE:
In(x+1)=In(2x) =
x+l=2x<
x =1, mov eival dektn ylati x > 0.
B) H aviocwon opiletal eniong yla x > 0. Ondte €Xoupe:

In(x+1)>In(2x) &x+1>2x <x<I

Emedn x>0, n avicwon aAnBebietyio 0 <x<1.

129 Ofpa 2- 15267
a) And TG WBoTnTeg twv AoyaplOpwy €XoUps:

10-3
6

1+log3—logb=Ilogl0+log3—logb=log =log5

onote n efiowon ypadetan log{x’ +1) =log5.

B) H e€iocwon opileton ya kéBe x c R, apol x* +1>0.Etol pe xR kaw pe tn ponbeia tou
gpwnpoartog o) n eflowon ypadetal

log(x* +1) =log5<=x +1=5o=x =4<x =2 x=-2

Exbo0eig MmtapAag
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130 Ofpa 2- 17318

a) Eivar f(3) =1In(3° —2-3 + 3) = In6.

B) EivaIn3 + 3In2 — f(3) = In3 + In2% — In6 = ln% = in4.
y) Me x € R, sivau

f)=lmd o h(x*-2x+3)=lhdox*-2x+3=4x*-2x—1=0.

H Slakpivouca tou Tpuwvipou x2 — 2x — leivau A =4 +4 =8 = 4 - 2 ko

24242 _ 2(1?/5) =1+ VI

OLPLLEG: Xq p = >

Apoix; = 1+v2 kaux, = 1 — 2.

131 Ofépa 2- 21450
a) loyvel x> +4>0 yia kéBe mpoaypotikd oaplBpd x, omdte To nEdio oplopoU TG
ouvaptnong f eivatto A =R. H ouvdptnon g opiletat yLo Toug MPOyHATIKOUG apLopoug
X yw toug omoloug Loxvel x>0. Apa to medlo oplopol g cuvdptnong g eivol to
Ag =(0,+oo).
B) N'vwpifovpe oty a >0, a =1 ko x,,x, >0 woxveLn wobuvapia:

log, x, =log, x, < x =X,.
Orote €xoupe:

f)=gx) =
In(x*+4)=lnx+In4 <
In(x* +4)=In(4x) =
r+i=d4xe

¥ —dx+4=0<

(x-2Y =0

x=2>0, dektA.
132 Ofpa 4- 21446

a) H cuvdptnon oplletal ylot TOUG MPAYHUATIKOUS aplBpolc X yio Toug onoloug oyuel ¢ —2> 0
Anhadn: € > ZIZflne’C >In2< x>In2.
Apa to nedio oplopol tng ouvaptnong f elvar A = (]n 2, +oo).
B} Exoupe
fx)+x=3In2<
]11(3’c —2)+x= In2’ <
]n(e’c —2)+]ne" =8
]nli(e’C —2)-ex]=ln8c>

et =y

(3’6)2—26’C =8
¥ —-2y—8=0.
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H teheutaia sival eSiowon 2° BaBpol pe Swakpivouca A= (—2)2 —-4:1-(—-8)=36 >0 kat pifeg
y=4, y=-2.Apa ¢ =4 = x=In4 (neflowon & =-2 eival ablvatn, Sow & >0 yua k&Be
TMPAYUATIKO aplBuo x ). H Avan x=In4 eival Sektr, S1ott In4d >In 2.
Tehwd n eflowon f(x)+x=3In2 £xeLAbon x=In 4.
v} Exoupe

f(x)+x23In2 <=

In{e" -2)+x2mn2 <

]n(ex —2)+]nex >h8=

In[(e"-2)-¢" |28

(e) —2¢ 58S

y —2yp-820 (1)

And to B} epwThua yvwpiloupe OTLTO Tpudvupo 3 —2y—8 €xeLpileg y =4 kaw y=—2. Apan
aviowon (1) ainBelel yia y<-2 A v24, dnhadhp e <-2 (nou eivar adlvatn} n
24 e 2lnd < x=2Ind. Npenel kot x>m2, ondte teAkd n aviowon f(x)+x 232

ahnBeveiyia x>In4.

133 Ofpa 4- 21445
a) Mpéney

45 =1 27450
>0 <

27 +5

-1>0=

¥ >l

>4 =

x>0.

Apa to medlo oplopot g cuvaptnong f elvaitto A= (0, +oo).
B) Tvwplloupe ou wa o>0,#l kov  x,x,>0 wxver n  woduvapio:
log, x, =log, x, & x, =x,.0ndte éyoupe:

f(x)=log3-log7 &

log 4 -1 =10g3<:>
2°+5 7

-1 3

2+5 7

74 -7=3-2"4+15<=
2 2=y
7-(2) =32 -22=0=
7.y =3-y-22=0.
H tehevtaio eivau efiowon 2% Bobpol pe Swkpivouoa AZ(—3)2 —4.7:(-22)=625>0 ko

3+25 28 3-25 22 11

iteg y, = ===2,y, =" = .
PSR = "~ 2"y T

Exbo0eig MmtapAag
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11
Ondte 2" =2 < x =1, nmou sival ekt 8oT x >0 {n eflowon 27 = = glval adovatn).

y) Exoupe
f(x)>logd—log7 =

lo i > lo E@
g2"+5 g7

45 —1 32*+5>0

—_— >

2°+5 7

7-4-7>3-27+15=

2 2oy
7(2) -3 -2>0
7-31-3.3-2250 (1)

Artd o B) gpwtnua yvwpiloupe Ot to TpUwvUpo 7.3 —3-y—22 éxeL pilec y=2 kot
11 . , . 11  mx 11 .
y=—7. Onote n avicwon (1) aAnBevsL v y<—7 n y>2,6nkadn 27 < = (cduvon

SuotL 2* > 0y kdBs mpoypotwkd aplBpd x)n 2°>2< x>1 .

TeAwkd n avicwon oAnBeleLyla x > 1.

134 ©¢pa 4- 15021

a) H cuvdptnon f opilletol yla k&Be mpoypotikn T Tou X yioo tnv omola woyvel x#0.
Juvernwe to nedio oplopot e f eivonto A = (—oo,O)u(O,+oo).

B) Mo kdBe x e A kou —xe A. Ertiong,

(—x)* +1 __x2 +1

f=x)=

=—f(x), ywa kKGBe xe A, mou onualvel otL n cuvdpton f

glva mepurt, SnAadni n ypadkn g napdotaon £xeL KEVIPO GUppETpiag to O(0,0).

y) Elvan 1n%=1n1—1n2=—1n2 kot adol  f mepury glvon f(ln%)zf(—an)z—f(an),

1
niady f(In2)+ f(In 5) =0,
8) TNa «kdBe HeR ceivan nu(r+8)=—nud xou odolv [ mepurry  eivon

JFnu(x +0)) = f(—nud) = —f(nud), Snhabdn f(nud)+ f(mur+0))=0.

135 Ofpa 4- 15823
a) And v tautdTa g Salpeong éxoupe P(x) =(4x° —1(Bx—2)+1, ondte n {ntolpevn
efiowon ylvetow oodlvapo

Px)=lo@x -DBx-2)+1=1<@x" —1)3x-2)=0

1 2
Etkoha mAéov Bplokoupe 6Tl oL AUceLg e eflcwong elvan oL aplBpol =— kat I



, . , . , , 1 2
B) Asitape oto a) ot aplBpuol mou wavomolauy tnv eficwon P(x)=1 elvor oL ia KoL g .

Fuvenwe yia va Atav P(log3) =1, Do énpene 10g5=% I 10g5=—% I 10g5=§.

Opwg 10g5¢—% adol 5>1<log5>10.

1
Eniong log5 = % =5=102 = 5= \/1_0 TO Omnoio elval GTOTOo .

2
Téhog log5= % < 5=10% = 5=3/10* to onoio eniong eivol dromno.

Juverwe P(logd) #1.

y) Elvaw P(x) =(4x" —DBx—2)+1, ondte P(—1) = (4(-1)> = 1Y3(-1)—-2)+1=—14 ko
POYy=(-D)(-2)+1=3.

Adou oL ipég P(—1), P(0) elvon etepoonpsg, n eficwon FP(x)=0 £yeL pla Tourdyotov pllo
oto (—1,0).

136 O@fpa 4- 15474
a) Exoupe: P(x) = ex3 + 4x?lnve + 2 = ex® + AxPlnes + 2 =

= ex? + 4x*? -%lne +2 =ex3+ 2x* + 2.
B) Ou tetunpévee wov onuelwv topns g ypadikne noapdotacns g MOAUWVULKHC
ouvaptnong P(x) pe v euvbeia e: v = ex + 4 elval ou pileg tng eflowong
Px)—(ex+) =0 ex®+2x°+2—ex—-4=0ex*+2x* —ex-2=0
x?(ex+2)—(ex+2)=0= (ex+2) - (x*=1) = 0.
ApO OLTETUNUEVES TwV ONpeiwy TopAg elva x = 1, x = —1 kou x = —%.
y) Na va fpoUpe ta SWOTAMOTO TOU X Mou N ypadlkr MapAcTaon NG TOAUWVUULKAG
ouvaptnong P(x) etvan ndvw and v eubela £: y = ex + 4 Ba Abooupe v avioworn:
Px)—(ex+4) >0 (ex+2) (x> —=1) > 0.
Otpilectou (ex+2) - (x* =D eivanx = 1, x = =1 ko x = —%.

To npoonpo tou (ex + 2) - (x? — 1) baiveral oTov mopokdTw Tivaka:

X —w -1 - 1 + o

(ex+2) - (x2=1) - 0 + 0 - 0 +

Apa x € (—1,=2) U (1, +).
&) Mapotnpovpe dtLto Ple) — e — 4 givarn tpn tou P(x) — (ex + 1) yiax = e.

TUpbWVO PE TO TIponyoUpEevo epwinpa Oa éxoups Ple) —e? —4 > 0, adot e > 1.

Exbo0eig MmtapAag
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137 Ofpa 4- 15251

&) Adou to moAuwvups F(x) éxeunapdyovoato x—1, Bawoyoeldn FD=10.

Even Fl)=0=2-84+a-2-6=0=a=15

BINa @=15 éxoups P =22 — 3 +13x-6,

i. Hdwlpeor P(x). (f —3x+ 2) dherlveETe moepe e,

25 -0+ +13x—6

27 + 6 — 4
—3+9v—6
327 -9+ 6

0

A —3x+2

-

2x—3

Hrautotte e Swlpeone elvan n effe Flx) = [x2 —3x +2] (2x-13),

i, AELOTOWI VTS THY P Ttivin TRUTOTH T Sulpe or|C EXOUHE

P(x) <0 (2 -32+2){2x-3) <0

To npbonpo Tou MOAUWVUROU P(x):(x2—3x+2)|:2x—3) dhoelve o

TOCLOCEK CETLO TUOV CEKCE,

3
x —i 1 B 2 +E
v —3x+2 + q +
2x-3 { + +
Fx) b + D+

atowv

Tuvenwe n aviowan £(x) <U¢>I:x2—3x+2:l[2x—3)-<0 chrBede. e kdBe

xE[—m,l)u[%,Z}

i, Elvay In2 <lne<=n2 <1 ondte adol Selfoue mapomdvw ome Pix) <0y

KkBe xE(—m,l)u[%,Z], elvar Plln 2 <0,
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138 Ofpa 4- 15822
a) Elval P(x)= ax3+ﬁx2+x:x(ax2+ﬁx+l), omndte éxel pla plfa n x=0. Juvenwg ol

dAheg SUo aképaleg pileg, Ba elval pileg tou Tpuwvdpoy ax” + Bx+1, mou eneldn £xel
aképaloug ouvteheoté, Ba npénel ol 8o autég aképaleg pilec va elvoal Slapéteg tou
otabepot) dpou, Snhadn tou 1. Asbouévou 6Tl ol wévol Swapéteg tou 1 elval to 1 kal to -1,
cupunepalvoupe 6tL ol dAAeg o aképaleg plleg elval to 1 koL to -1.

Tehwd to P(x) gxeL plieg Toug apBpuotg 0, 1 kot -1.

B) Elvaw PY=0<=a+ F+1=0 (1).

Eniong P(-1) =0« —x+ F-1=0 (2).

Me npoofeon katd pedn twv (1) ko (2) Exoupe 6T 25 =0<> F=0 KOL LE QVTIKATAOTUON
otnv (1) éxoupe 6t o =—1.

viMe ax=—1kat =0 elvar P(x) =% +x=x(1-x")

i. To mpoonud tou P(x) alveTol aTov MUpUKATW MIVaK,

X - A 0 1t
X - -t + +
1-— )(2 - 0+ + ¢ -
P(x) + 9 - 0 + o -

Tuverntixg n avicwaon P(x) >0 aknBelel yia kdbe x & (—w0,—1)(0,1).

1
ii. Elva 10gJ1_0:10g102 = %-loglo ==1= %, OmnoTE P(long_O) = P(%) =0, adot driwe

1
2
delfope napondvw F{x) >0y xe (0,1).

139 Ofpa 4- 15093

a) KaBwg umtdpyouv doyaplBpotpdve Betkwv apBuwy, anototpe 105 — 1 > 0, dpa

10 > 1 < 10° > 10Y & x > 0, adol n cuvaptnon g(x) = 10* elvan yvnoiwg avfouca
oto R.

B) Npémer f(x) >0 e log(10* — 1) > 0« log(10* — 1) > logl kot kaBwg n
ouvaptnon h(x) = logx sival yvnoiwg avfovoa oto (0, +) maipvoups 108 — 1>1 <
10% > 2 oxéon mou ypdadeta 10° > 1092 Qote x > log2, Snhadn x € (log2, + ).

y) Exoupe f(x) +x =1log(10* — 1) + log10* = log[10*(10* — 1)] =

log(10% - 10¥ — 10%) =log(10%* — 10%).

&) NpéneLva Acoupe my eicowon f(x) = —x e f(x)+x= 0=log(10%* — 10%) =0
Gpa 10 — 10 = 1 & (10%)? — 10* — 1 = 0. Oérovrag 10 =y > 0, naipvoupe Ty
SeutepofaBua efiowon y2 -y - 1 =0 pg Sukpivovoa A= (—1)?2— 4-1-(—-1) =5,

—(—1)1@2 11;/5 -

> myzngJrl,ou‘pko>0.

ondte y =

Exbo0eig MmtapAag
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TeAwa 10* = @ e x =log (

Apato {ntovpevo cnpeio sivaLto (log (\E;l), —log (\E;l))

\/§+1)l

2

140 ©fpa 4- 15690
a) To nedio opopol tng ouvdptnong elvalto A=L2—{0}.
Nokd@e x4, eivon dovepo OTL —x € 4 Kol

fl—x)= %In(—}{]2 = %lm‘a = flx)

Emopévwe i T elval dptia, omote n ypod Wk e Topdataan Vol SUMPETAKD we TTpos Tov dfova vy

B) Na kdBe x = 0&xoupE:

1 1 1
flx)=Zlnk* =ZIn|x = 2-ZIn]x = In|x |= Inx
2 2 2

v] H ypaduwn mopdotaon g f daiveto

o010 BUTAOVO TERUA KoL, sUPdwyo PE T 1
TRONYOUMEVD EPWTRMOTD,  TTROKUTITEL

av gy ebldooupE n voohIkr A 2

o
)
(4]

T paOTaoT g guvdptnong
flx)=Inx, x>0 Koo oug GUVERELX
BEWwpfOoUME  TO  OCUHHETPKG TOU

TYRUOTOE we TTpog Tov dfova v’y .

-3
&) H ypahkr mopagtaan g T elvol Kdtw amd v evBela y=2, povo otow ) <2, Mg x=0

EXOUE:

1
fix) <2 <:>5In><2 w2olnkt <4 xt <t et -t wx et

Apo, N ypoub ik TTopdotoon Tng T elvol Kdtw oo v eubsla y = 2y kdBe ¥ pe x e{—e®, 01D, &%)

141 Ofpa 4- 15015
o) Exoupe Plix):[]a::»f—xg—Zx=Cl<:>x(x2—x—2)={}. Omote x=0 i x* —x— 2=070ou
el A =9 km pifeg x=-1 ko x=2. Tehkd pifec g eflowong P(x}: O eivanow x=0,
x=-1 ko x=2.
Bl Mo va opifeton np efiowon, npamar x =0, Qgouvps Inxy = o ko i efiowon yivetal
Pla)=0.
ATTO 10 o) EpwInUO EXOUME T pife =0, w=-1, @=2. ONOE MpoKIMIOUY TPEIE
efiTwaaL;

Thnx=0=Ihx=mnl<x=1 &zkm.

illnxr=-lehx=he'<=x=¢" ekt

i Inx=2<lnx=lne* &x=¢" Sektj.
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v) H  aviowon xz—xj—k}@@?[x}}@@x(f—x—2)>0 ohnfslel

xe(-1,000(2,+m), omwe paivetal otov TOpaKdTw TTivoKa.

i

Oomdte yia v oviswon (Inx)’ —(Inx)’ -2{Inx}>0< P(lnx) >0, mpokimel ou

nx e (1,0} (2,40 ). Advoupe g S00 oviswoeLs:

<1
l-l<hx<0e=he' <lnx<hle—<ral
&

A
il 2<lhyxe=lne «lnyxee’ <x.

Tehkd xe [l,l]u(€2,+m).
e

142 ©¢pa 4- 15679

o -1 s
3 >0 pe @ =3 elvoe wooddvaun pe ty (w‘ — 1)(0) —3.) >0.
o —

To npdonpo tou (coz — 1) (co - 3) daivetal otov MopoKATw nivoKa.

a) H aviowon

w -00 -1 1 3 +00
w-3 - - -9+
wr—1 + ¢ - ¢ + +
(w—3)(w?—1) -9+ ¢ - o 4

2

0

3 >0 aAnBelel yia k4Be © E(—l.l)u(3,+30).
CD_

JUVENwE n avicwon

B) H napdotacn A opiletal yia kdBs mpaypdTiki TR TOU X ylet TNV omnoio LoYUEL
e -1

e* -3

2x 2
, , e -1 , o -1 ) .
>0.Av Béooupe ¢" =w n aviowon — 2 >0 ylvetal >0 mou 6nwe Seléape
e o-3

oto o) ahnBeleL yia © € (—], l) W (3,+oo).

suvenwg Banpénel —l<o <l —l<e' <lox<0fo>3<e >3 x>n3

Tehika n napdotacn A opiletal yia kabe x < (—O0,0_)u(hl3,+00).

Ex&00eig MrmapAag



90

v) H e€lowon A=-In3 opiletal yia kaOe xe(—oo,O)u(ln3,+cO) ka yivetau loodhvapa

21‘_
ln[ej 1] =h3'e

e —

Je'-1=0&
. 1
¢ =—<

3

1
x=In—

3

KoL eMeLd %<1 cHné <0 nAbon x :ln% elval dekti.

143 O©¢pa 4- 15678

a)To P(x)=-x" —4x" —x+6 €xeL dBpolopa ouvieheotwy (oo pe 1o 0, ondte éxeL pila to 1.

To oxfiua Horner yua t Swaipeon P(x):(x—1) daivetal oto mapakdtw oxhua

-1 -4 1 6 1
-1 5 6
-1 -5 6 0

Tuvenwe n aviowon P(x) <0 yivetat wooduvapa (x—1)(—x*—5x-6)<0.

0 nivakag mpociuou tou (x—1)—x* —5x—6) dbaivetal oTov MapaKdTw TVaKK TPOsHHWY

X “® -3 2 1 Fwx
x-1 - _ -0 o+
22— 5 — 6 - 0 + & - -
(x—1)(-2*-52—-6) + o - ¢ + 4 -

Suveng n aviowan P(x) <0 aknBebelyia kdbe x (3,2 ) (1, +o0).

B) Me Bdon To a) epwtnua, n ypadiki napdatacn g MOAUWVUILIKAG guvaptnong P(x) Ba

npéneL va elval kdtw ond tov afova xv’, yio kdBe xe(-3,-2) (L +0). To pévo and ta

Soopéva oY UOTa TTOU LKOVOTIOLEL QUTAV TNV Qnaitnon elval o y.

Evaihaktka, adou P(0)=6 Ba nmpénel n ypadikn napaotaon va SLEpYeTaL anod To anuelo

{0,6) KaL TO LOVOo OYAHa IOV LKOVOTIOLEL aQuTnV TNV artaitnon eivaL to y.
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Evadakukag, adou P(0)=6 Ba npénel n ypadikn) napdotacn va S1Epxetal ano to anueio
{0,6) Kot TO LOVO OO TIOU LKAVOTIOLEL oUTAV TNV araitnon eivaLto y.

y) Av oto oyuO vy CUWMANPWOOUWE TN ypadikn moapactaon e Inx onwe ¢aivetal
napakdtw, Ba Swamotwoope 6Tl €xouv éva udvo Kowod onuelo pe tetpnuévn 1, mou
onuaivel ot n eflowon P(x)=Inx €xsl povadikn Alon tnv x=1.

EvaMaktika, n e€iowaon P(x) =Inx opifetal yia x>0.

Ma x>1 éoupe 6t P(x) <0 <Inx nou onuaivel 6t n e€iowon P(x)=Inx dev éxeL plla oto
(1,400).

Entione yia 0<x <1 éyoupe otL Inx <0< P(x) mou onuaivel 6t n eflowon P(x)=Inx Sev
£xeLpida aro (0.1).

Téhoc P(1)=In1=0 nou onpaivel 6t n eflowon P(x)=Inx éxsL povadikry AMon tnv x=1.

P()

Inx
2

1

8 7 6 5 4 -% /2 10 2 3 4 5 6 7 8 9 10 11
-1

=2

144 Ofpa 4- 16001
a) H ouvaptnon T opifeton pdvo dtav x>0 ko xIinx =0, dnAadl povo drav x =1, ondte
A, =[1, + o). Opolwe n g oplietan povo dray x =0 kaw Inx =0, Snhadn pove dtay x =1, onote
A, =[1, + o}

Bl Me x =1 éxoupe:
fix)— gl = Jxinx — finx = (JZ— 1)afinx =0

thou kaBévae amd TouC OPOUS TOU YWOREVOU VoL I apvimKoS. Emopévwes, n ypadkn

mapdoteon e T etvon and o v padkn Tapaotaor] e Ko v,

v 1. ATO T ypadikn Tiapdotaon e I pOoKUIITEL OTLN OuvaPTAon £ vaL v ol autouon oto
neSlo oplopoy g A, =[1, +od.

ii EeﬁrﬁS Ut 4>D i3 5>? a aou n T oewva ywnows aufouon
Il. ETLEL —_———= =— , WOXUEL — >— KL u VL YW O ol
3 5 15 15 3 5

. . 5 7
OUUTEPCIVOULLE OTL {Ej = f[gj

Exbo0eig MmtapAag
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O)H euBeila e:y=1—x tépveLToug afoveg x'x ko y'y oo onpete (1,0) ko (0,1) avriotoe

O halvero oto Suthavd oxnua,

21 c
. . . . ¥
Q' OMou TP OKUTITEL OTL TO POVaSIKSG o
KOWG onpeio g pe my €, elvan o B /
{1,0). Autd onuadvel o n eflowan 0 \/
3 5 " o ™ 2 3 a

fix}=1-x £y povadwn pliia v |

-1
x=1.

Eniorijpavorn.

1o mAalow as ahvePpwnic Adone Ba pnopoloape va avalntiooups pifec oto durorn o
[1, + oo}, va Suwrrmotwooups Ot o aplBpoe 1 etve  pi pda e ko va anodeifoups dmav
x=1 éyoupe Fix)=H1, onhadn fix)=0 ke 1-x<0, ondte n eflowon Sev éxel plin
pevadltepn and ) povade.

14
y) Ita spwtrpara a) ko B) Seiape dn O(f) = 9[LJ JExoupe

V3

Q(r)=i1®

8
t
1 1
9| =|==—=
[\/5} 81
4

1
3 {:OJ =3'e

323"

2-——=-4 <
2

f

Logeor=12

2

Juverwe Hetd amd 12 ypovia n mocodTnTa tou o £xel amopeivel Ba sivol — KIAGL

145 Ofpa 4 - 21447
a) O ap®udg Twv Baktnpiwy dtav Eekivnoe to neipapa Arav P(0) =200-¢° =200 Baktripla.
B) Exoupe:

P(1)=328 < 200-¢' =328 = & :%Qe“ =1,64 & c=1In(1,64) = ¢=0,5.

, 1
Apa ¢ =—.
2



93

v) O apudg twy Baktnpiwyv elvol PeEYoAUTEPOC Ao To SeKAMAGOLO KOl MLKPOTEPOS Qmo To
EKOTOVTOTAGOLO TNG APXLKNC TOU TLUNG, dnAadn

10- P(0) < P() <100+ P(0) <>

10-200 <200-¢2" <100-200 <>

l-r Inx.”
10<e? <100 <

1

n10 <In(e?’) <In100 <
In]()<%-t<111102 <

2-Inl0<f<4-Inl0 <
2-23<t<4-2,3&
4,6 <t<9,2.

Apa To {ntoUpevo Xpoviko Sidotnua (os wpeg) elvat 4,6 <¢ <9, 2.

146 Ofpa 4- 21474
a) H mocdétnta Tou uypol oto OSoxslo oto Téhog tng 1™ ePdopddag elvaw

1
10—%-1(): 10-(1-0,15)=10-0,85=8,5 Aitpa.

H mocdtnta tou uypol oto &oxeio oto Ttéhog tng 2™ eBSopdbag sivau

(10-0,85)—%-(10-0,85):(10-0,85)-(170,15) :10-(0,85)2 =7,225 Aitpa.

B) H apxikr) mocdtnta tou uypou oto Soxelo (6nAadn n mogotnta tn Xxpovikn atyun £ =0) elval
10 Altpa, ondte V(0) =V, =10.

Ano TO0 Q) epwinua, O Oykog VY Tou uypou petd amod 1 eBSopada eival
V(1)=10-0,85 <V, -a' =10-0,85<10-2 =10-0,85 < « = 0,85.

y) ©a BpoUue petd amod nooeg efdouddec o OYKog Tou LUYpoL Tou UTIApPXEL oTo doxelo elval

HLKPOTEPOC QIO TO HLOO TNG APXLKAG TOU TLUACS, SnAadn Ba Bpol e TIG TWES TOU f WOTE:

v
V<L
() 2

10-(0,85) <¥@
(0,85) <0,5 <
log(0,85)" <log(0,5) <
t-(-0,07)<-0,3 <

0,3 30 2
Si>—or>4—.
0,07 7 7

>

Apa peETA QMo 47 eBbopadeg ( 4 efEOUASEC KAl 2 NUEPEC) O OYKOC TOU UYPOU TIOU UTTAPXEL OTO

Soxelo elval pkpoTtEpPOS ard 10 OO TNG APXLKAC TOU TLUAC.

Ex&00eig MrmapAag
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147 Ofpa 4- 15694
a) O@éloupe va elvatm — M <0 & 5 log( )<0<:>log( )<0©log( )<Iogl

ETIOUEVWIG B < 1ed< 10, adpol n ocuvaptnon f(x) = logx eival yvnolwg avfouca ato
(0, +00).

B)Exoupe M = m — 5-log (fo) =1,157 — 5-log (100)

=1,157 — 5-log10 = 1,157 — 5= —3,843.

m-M d - M m-M 5+4m-—M

—10 5 apad—l(] 10 =105 =10 s

y) Elvatclog (%) =

&) Me xprion TG Mapamdvw oXEonc, EXOULE

5 10

5+0,46+5,14

0,6 53
d=10""5 " =103 =102 = %/10° = 131 parsec.
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